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In the interior of a neutron star, matter is ultra-dense with its density as high as a few times
the nuclear saturation density, and extremely cold compared to its chemical potential. As
a result, it is the most likely place where the theoretically-predicted strange quark matter
might exist. The aim of this thesis is to reveal how the strange quark matter could influence
the static properties and dynamic behaviors of compact stars. This is of great importance
because it allows us to draw conclusions about the phase diagram of matter at extreme
density, by investigating observable properties of compact stars despite uncertainties in their
detailed structures. By studying the microscopic physics of dense matter such as chargeseparation phase, hadron-quark conversion and strangeness di↵usion process, and applying
a generic parametrization of high-density equation of states, we explore implications about
mass-radius relationship, r-mode damping and spin evolution etc. of the star.
In the first part of this thesis we calculate the equation of state (EoS) of the mixed phase
in strangelet dwarfs, and obtain the mass-radius relation by solving Tolman-OppenheimerVolko↵ (TOV) equation. In the second and third parts, we first study the mass-radius
xv

relation of hybrid stars with a sharp interface between nuclear and quark matter by using
the generic “constant speed of sound” (CSS) parameterization, and obtain the phase diagram
of possible forms of the mass-radius relation. We then apply the parametrization to the Field
Correlator Method (FCM) model of quark matter and express observational constraints as
constraints on the CSS parameters. In the fourth part, we propose a novel mechanism for
the saturation of unstable oscillation modes in multi-component compact stars based on the
periodic conversion between di↵erent phases, and study in detail the case of r-modes in a
hybrid star with a sharp interface, giving the saturation amplitude and its range of validity
to predict observational outcomes.
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Chapter 1
Introduction
Cold, ultra-dense matter lies in the hadronic sector of phase diagram in quantum chromodynamics (QCD), and compact stars in the universe are the only available laboratories for
exploring its underlying physics. There has been much work on a plausible form for the
equation of state (EoS) of nuclear matter at densities above nuclear density, using models of the nuclear force that are constrained by existing scattering data (see, for example,
[9, 10]). At asymptotically high densities we expect to find the color-flavor-locked (CFL)
phase of color-superconducting quark matter [2], but the nature of matter at intermediate
densities still remain unknown because terrestrial laboratories could not create cold dense
matter, and numerical calculations using lattice QCD are stymied by the fermion sign problem (see, for example, [11, 12, 13, 14]). Strange quark matter consisting up, down and strange
quarks is conjectured to form droplets (strangelets or quark stars), or occur in the interior
of neutron stars which gives rise to hybrid stars, depending on the assumption that whether
strange quark matter is stable at zero pressure (strange matter hypothesis) or only at high
pressure[15, 16, 17, 18]. It is most promising to use observations of compact stars to find
observable signatures of strange quark matter and test predictions from theoretical models.
For example, measurements of the masses or radii of neutron stars can strongly constrain the
1

dense matter equation of state (EoS), i.e., the energy density as a function of the pressure,
and consequently the interior composition of neutron stars. One such example is shown in
Fig. 1.1, where the recent discovery of a 2 M heavy neutron star [1] rules out all sets of
EoSes that cannot support a maximum mass higher than the observed value. This single
high mass value indicates that a transition to quark matter in neutron-star cores can occur
at densities comparable to the nuclear saturation density only if the quarks are strongly interacting and are color superconducting [19]. Many aspects of neutron star structure depend
on specific equation of state parameters in a model-independent fashion, which necessitate
a generic description that can be more easily applied to convey observational constraints.
Among the dynamical properties of neutron stars, cooling rate and spin frequency are also
sensitive to the characteristics of phase of matter in the interior. The cooling of a compact
star is intrinsically connected to its microscopic composition, and therefore di↵erent microscopic models might lead to di↵erent thermal evolutions. The extremely accurate timing
observations of neutron stars that are visible as millisecond radio pulsars come out as a
puzzle for the existence of r-modes [20], which are gravitationally unstable unless there are
enough damping that prevents it from growing and spinning down the star.
In the following sections of this chapter we first give an introduction to strange quark matter
in the context of the QCD phase diagram, and then describe the compact star properties
and at the end we explain the r-mode oscillations in neutron stars.
In Chap. 2 of this thesis, we studied pure quark matter in bulk and crystal phases and
applied them to calculate the mass-radius relation of stars they form, in the context of
the strange matter hypothesis [15, 16, 21], that the ground state of strong interaction at
zero pressure might be the de-confined quark matter rather than nuclear matter. We used
a model-independent parameterization of uniform quark matter equation of states (EoS)
2

Figure 1.1: Plot showing non-rotating mass versus physical radius for several typical EoSes
[1]. Any EoS line that does not intersect the J1614-2230 band is ruled out by this measurement.
based on the fact that the chemical potential for negative electric charge is much less than
the quark chemical potential, and obtained crystal phase EoS by dividing the lattice into
Wigner-Seitz cells and calculating the pressure at the edge of a cell and its energy density.
Combining the results of both phases we produced the mass-radius relation of a “strange
star-strangelet dwarf” sequence which is the strange matter equivalent of previously-studied
“neutron star-white dwarf” sequence. Strangelet dwarfs are candidates for massive compact
halo objects. Gravitational microlensing surveys [22] can impose a limit on the density and
3

distribution of such planetary mass objects in our universe, and along with our results it will
help reveal information about both mass and radius.
In Chap. 3 and Chap. 4, we used a generic parametrization of constant-speed-of-sound quark
matter EoS, assuming a first-order phase transition between nuclear and quark matter with a
sharp interface. We obtain the phase diagram of possible stable/unstable branches of hybrid
stars, and our parametrization gives rise to hybrid stars with above two solar masses which is
compatible with recent observations [1, 23]. The most striking feature of this work is testing
models of quark matter which can be characterized in terms of our parameters and their
predictions for hybrid stars should follow their position on our phase diagram. We applied
our method to the Field Corrrelator Method (FCM) model of quark matter, showing that
the FCM EoS can be accurately represented by the CSS parametrization, and we display
the mapping between the FCM and CSS parameters.
In Chap. 5, we calculate the dissipation of oscillations of hybrid stars due to growth and
contraction of its quark matter core, which is novel in both mechanism and approach. Analysis of the energy dissipation due to periodic quark-hadron burning at the sharp interface is done in a steady-state approximation [24], that the interface moves at a speed constrained by applied oscillation of densities. In the damping of unstable r-mode oscillations
we find that this phase-conversion mechanism can saturate r-mode at fairly low amplitude
O(10

12

10

10

) for typical hybrid star models, much better than that required by current

pulsar data O(10

8

10 7 ), which cannot be explained by all other known mechanisms

proposed so far. We hope that this prediction of r-mode saturation amplitude can help find
a signature of the presence of quark cores in neutron stars, and along with measurements
of or bounds on temperature of millisecond pulsars provide means to distinguish between
ordinary neutron stars/strange quark stars and hybrid stars. One direct application of our
4

results is to any compact star models of di↵erent component phases, and our discussion on
a sharp interface can also be extended to the pasta phase and the inner crust region which
might further enhance the dissipation. Furthermore due to the extreme efficient damping
in our mechanism, patterns of r-mode itself might be modified which worth studying in the
future.

1.1

Physics of Strange Quark Matter

Quark matter was convinced of soon after the realization that quarks, the constituents of
nucleons, are asymptotically free. At the extreme of asymptotic momentum transfer, density,
or temperature, quarks are free of interaction. Under such circumstances the individuality of
nucleons is lost, and the quarks of nuclear matter are free to explore a much large “colorless”
region of space referred to quark matter. In this case, there is a critical pressure and an
associated critical density, and when nuclear matter (made of protons and neutrons) is
compressed beyond this density, the protons and neutrons dissociate into quarks, yielding
quark matter (probably strange matter). The phase diagram of quark matter is not well
known, either experimentally or theoretically. A commonly conjectured form of the phase
diagram is shown in the Fig. 1.2, where di↵erent phases of quark matter are shown at di↵erent
temperatures T, and quark chemical potentials µ [2].
Along the vertical axis the temperature rises, taking us through the crossover from the
hadronic gas, in which quarks are confined into neutrons and protons, to the quark gluon
plasma (QGP): thermal fluctuations break up the pions, and we find a gas of quarks, antiquarks, and gluons, as well as lighter particles such as photons, electrons, positrons, etc.
Following this path corresponds to traveling far back in time, to the state of the universe
5

shortly after the big bang (where there was a very tiny preference for quarks over antiquarks).
Heavy ion colliders at CERN and Brookhaven are probing the high temperature region of
the QCD phase diagram by colliding heavy nuclei at ultra-relativistic energies. In these
experiments one expect to create a quark-gluon plasma at least for a short period of time.
Increasing the quark chemical potential from zero keeping the temperature low, we move into
a phase of more and more compressed nuclear matter and the density rises from the onset of
nuclear matter through the transition to quark matter. Following this path corresponds to
burrowing more and more deeply into a neutron star, although it is not known whether their
cores are dense enough to reach the quark matter phase. At ultra-high densities we expect to
find the color-flavor-locked (CFL) phase of color-superconducting quark matter. At intermediate densities we expect some other phases (labelled “non-CFL quark liquid” in the figure)
whose nature is presently unknown, and they might be other forms of colorsuperconducting
quark matter, or something di↵erent. The line that rises up from the nuclear/quark matter
transition and then bends back towards the vertical axis, with its end marked by a star, is
the conjectured boundary between confined and unconfined phases.
A di↵erent possibility, strange matter hypothesis, is also considered which states that the
critical pressure for transition to quark matter is zero, and ordinary nuclei which are droplets
of nuclear matter, are actually metastable, and given enough time (or the right external
stimulus) would decay into droplets of quark matter consisting of an approximately equal
proportion of up, down, and strange quarks, i.e. strangelets [15, 16]. Depending on the
surface tension between bulk strange matter and vacuum, strangelets might form large,
neutral phases as strange stars consisting of quark matter from their core to their surface, or
a neutral mixed phase of positively charged strangelet surrounding by an electronic plasma
that forms a strangelet crystal lattice, could result in a more di↵use branch of compact stars
6

without a core of uniform matter, which is analogous to white dwarfs. In Chap. 2 we will
study how the stranglet crystalline phase constructs strangelet dwarf, and examine how the
mass-radius relation depending on the EoS of quark matter.

1.2
1.2.1

Compact Stars in the Universe
Evolution

Compact stars are stellar remnants when the outward radiation pressure from the nuclear
fusions in the interior of a massive star can no longer resist the ever present gravitational
forces. Depending primarily on the mass of the star when it formed, the very dense and
compact stellar remnant it creates can be white dwarfs, neutron stars or black holes.
If the mass of the progenitors are below 8M , they end up with degenerate dwarfs or, more
usually, white dwarfs that are made up mainly of degenerate matter, typically, carbon and
oxygen nuclei in a sea of degenerate electrons. The material in a white dwarf no longer
undergoes fusion reactions, so the star has no source of energy, nor is it supported by the
heat generated by fusion against gravitational collapse. It is supported only by electron
degeneracy pressure, causing it to be extremely dense: it has a size comparable to the size of
the Earth but a mass similar to that of the Sun. The physics of degeneracy yields a maximum
mass for a non-rotating white dwarf, the Chandrasekhar limit, about 1.4 M beyond which
it cannot be supported by electron degeneracy pressure. A carbon-oxygen white dwarf that
approaches this mass limit, typically by mass transfer from a companion star, may explode
as a Type Ia supernova.

7

In stars more massive than 8 M carbon burning takes place in a non-degenerate carbon
oxygen core. These stars subsequently go through the next burning stages, until an iron
core is formed. At that moment the energy production stops and the core can no-longer
withstand the gravitational force and collapses. The released energy is partly used to eject
the outer envelope in a violent event which is observable as a so-called supernova. Depending
on the mass of the (iron) core and possibly other conditions such as rotation and magnetic
fields, either a neutron star is formed (an object consisting mainly of neutrons, in which the
gravitational force is balanced by the Fermi pressure and nuclear forces between the nuclei)
or the star collapses to a black hole (an object which is so compact that no light, and thus
information, can escape), when no forces are strong enough to balance the gravitational
force. The density of a neutron star is incredibly large: a neutron star is more massive than
the Sun, but has a typical size of 10 kilometers.

1.2.2

Mass-Radius relation and the Equation of State

The general relativistic generalization of the Newtonian hydrostatic equation is the TolmanOppenheimer-Volko↵ equation (TOV) equation [25]
dp
=
dr

ge↵ (r) ✏(r)

✓
◆✓
GM ⇣
p⌘
4⇡pr3
ge↵ (r) =
1+
1+
1
r2
✏
M

2M
r

◆

1

(1.1)

where p, ✏ and M , given by (dM )/(dr) = 4⇡r2 ✏, are the pressure, energy density and
included mass at distance r from the center. The e↵ective gravitational acceleration ge↵
contains general relativistic corrections to its Newtonian value GM/r2 . Given the central
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pressure p(r = 0) and the equation of state, ✏(p) throughout the star, the TOV equation can
be solved for the pressure and energy density profile completely.
Zero pressure defines the edge of the star because zero pressure can support no material
against the gravitational attraction from within, and the stellar mass is determined by M ⌘
RR
4⇡ 0 ✏(r)r2 dr. For each possible EoS, there is a unique family of stars parametrized by
the central pressure with mass M (pcent ) and radius R(pcent ). For a vast range of central

pressures spanning many orders of magnitude, a neutron star-white dwarf sequence is shown
in Fig. 1.3.
Stable white dwarfs are supported against gravitational collapse by the pressure of degenerate
electrons. With increasing pressures the electron Fermi energy rises until at some point it
becomes more favorable for electrons to be captured by protons via inverse beta decay. The
supporting pressure of the relativistic electrons is replaced by the fermi pressure of degenerate
neutrons, which stabilize light neutron stars against collapse. For more massive stars with
higher densities, the repulsion of nuclear force at short range adds additional resistance to
compression, before reaching the maximum mass on the neutron star branch beyond which
stars collapse to black holes. As we can see from the TOV solutions, underlying microphysics
determining the EoS is reflected on global properties such as mass and radius of the star,
which accompanying observations put constraints on theoretical models of cold dense matter.
In contrast to the static properties of compact stars which only depend on the equation of
state of matter, dynamic properties also depend on the low energy degrees of freedom and
thereby might be able to discriminate more efficiently between di↵erent forms of strongly
interacting matter. One of the dynamic properties of dense matter is viscosity, which determines the damping of mechanical perturbations, and a particularly important application is
to the damping of r-mode oscillations of compact stars.
9

1.2.3

R-modes of neutron stars

Di↵erent oscillation modes penetrate to di↵erent depths inside the star. These oscillations
provide information about the otherwise unobservable interiors of stars in a manner similar
to how seismologists study the interior of Earth and other solid planets through the use of
earthquake oscillations. R-mode oscillations are restored by the Coriolis force, due to the
rotation of the star, are unstable at all rates of rotation without viscosity [4]. The fluid
motion has no radial component, and is the same inside the star as the outside although
smaller. In the limit of slow rotation it is well known that the r-mode frequency in the corotating frame is given by ! = 2m⌦/l(l+1), where m and l are the spherical harmonic indices
that describe the angular distribution of the dominant toroidal displacement vector, and ⌦
is the stellar spin frequency. The most unstable r-mode is that associated with l = m = 2,
which has the familiar frequency ! = 2⌦/3 in the co-rotating frame. Fig. 1.4 depicts the
most unstable l = m = 2 r-mode pattern in terms of the velocity flows.
The amplitude of the r-mode oscillations evolves with time dependence ei!t

t/⌧

, where ! is

the real part of the frequency of the r-mode and 1/⌧ is the imaginary part of the frequency.
The latter describes both the exponential rise of the r-mode driven by the Friedman-Schutz
mechanism [26, 27] and its decay due to viscous damping. 1/⌧ can be determined by the
balance between the gravitational radiation (driving force) and the viscosities (damping
force) as 1/⌧ =

|1/⌧grav | + 1/⌧damp , and theoretical calculations of transport properties

give predictions on the instability of r-modes as well as its saturation amplitude. Fig. 1.5
shows how di↵erent models of cold dense matter modify the instability window of r-modes,
where 1/⌧ = 0. Current observation of fast rotating neutron stars indicates that r-mode
oscillations in these extremely stable systems must be either damped away completely, or
saturated at such low amplitudes O(10

8

10 7 ) that it has tiny e↵ects on the spin evolution
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of the stars, which suggests that exotic matter such as strange quark matter to be a good
candidate explaining the data. One situation studied in this thesis is a hybrid star with a
sharp interface between the quark matter core and the nuclear matter mantle, and detailed
theoretical calculations and observational predictions will be given in Chap. 5.

1.3

Observations and Theory

One major area of activity in neutron star physics is the attempt to find observable signatures
by which we could tell, from earth based observations of neutron stars, whether they have
quark matter (probably strange matter) in their core.

1.3.1

Mass and radius

A measurement of a neutron star mass, even without a simultaneous measurement of its
radius, constrains the EoS if it exceeds the maximum mass predicted by a given model.
Current knowledge of hadronic physics suggests that at densities relevant to the core region
of neutron stars (roughly 6

10n0 , where n0 is the nuclear saturation density) a softening

of the EoS would occur, lowering the maximum mass unless the interaction of the new
constituents provides the necessary repulsion to counter-balance the strong gravitational
force.
The two most constraining systems are PSRs J1614-2230 [1] and J0348+0432 [23], with
masses of 1.97±0.04 and 2.01±0.03M respectively. PSR J1614-2230 is a 3.1 ms millisecond
pulsar orbiting an intermediate-mass white dwarf every 8.7 days. The system has a very high
inclination resulting in a strong Shapiro delay signal. PSR J0348+0432 is a 39 ms pulsar in a
11

relativistic, 2.46 h orbit with a low-mass white dwarf. For this binary the masses have been
measured through phase-resolved optical spectroscopy of the bright white dwarf companion.
While a 2M

do not directly exclude any components in the neutron star interior they

do put very stringent constraints on the respective interactions. In particular there have
been various conjectures about the hyperon interaction [28, 29, 30, 31] but for most of
the hyperonic models the maximum mass cannot reach 2M . Possible solutions include a
transition to quark matter [19, 32], or Bose-Einstein condensates of mesons (pions or kaons,
the latter containing a strange quark) and ⇤ baryons (resonant states), however the densities
at which such phases would appear, and the degree to which they might co-exist with other
phases, are highly uncertain.
Measurements of neutron star radii and compactness have been achieved through observations and modeling of several di↵erent classes of sources. The number of independent
observables, the uncertainties associated with each observable, and those in the theoretical
models all play a role in determining the overall accuracy of the radii determinations.
For neutron stars that show thermonuclear bursts or are in quiescence, the measurements of
the radii rely on the detection of thermal emission from their surfaces. The first constraints on
high-density EoS from radius measurements are obtained from thermonuclear bursters that
found that the relatively small observed radii point to lower pressures at and above 2n0 than
those predicted by purely nucleonic EoS [33]. Similarly in the analysis of quiescent neutron
stars small radii were found [34], which also point to softer equations of state than expected
for nucleonic compositions. Recently Ref. [35] employes Bayesian statistical frameworks to
obtain neutron star radii from the spectroscopic measurements as well as to infer the equation
of state from the radius measurements, finding that around 1.5M , the preferred equation
of state predicts a radius of 10.8+0.5
0.4 km.
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Although an accurate, simultaneous mass and radius measurement from even one neutron
star would be ideal to provide a significant constraint on dense matter EoS, it is also striking
that by expressing various models in a reasonably generic model-independent way we show
that in Chaps. 3 and 4 observations of mass and radius of hybrid stars have already strongly
constrained the dense matter parameter values, assuming a sharp transition from nuclear
matter to a high-density phase such as quark matter, and that the speed of sound in that
phase is independent of the pressure.

1.3.2

Spin rates

It has been shown that [36] a detailed analysis of pulsar evolution based on precise pulsar timing data can constrain the star’s composition, through unstable global oscillations
(r-modes) whose damping is determined by microscopic properties of the interior. If not
efficiently damped, these modes emit gravitational waves that quickly spin down a millisecond pulsar. There are two scenarios to explain the observed timing data. It might be that
the ordinary nuclear matter model of neutron stars is incomplete, and there is additional
damping (e.g. from exotic forms of matter or currently overlooked physical processes) that
stops r-modes from growing in these stars. In this case there will be no r-mode gravitational
radiation from old neutron stars. The other possibility is the conventional scenario where
only standard damping mechanisms are present in neutron stars. In this scenario most old
millisecond pulsars will be undergoing r-mode oscillations, since for expected r-mode saturation amplitudes the dissipative heating ensures that fast spinning sources can neither cool
nor spin out of the parameter region were r-modes are unstable.
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Besides, glitches (the sudden spin-up in the rotational frequency of a neutron star) provide
information on the dynamics of the internal superfluid and its interaction with the other
neutron star constituents, and the size of the largest glitches has already constrained the
amount and location of the participating superfluid [37, 38].

14

Figure 1.2: A schematic outline for the phase diagram of matter at ultrahigh density and
temperature. The CFL phase is a superfluid (like cold nuclear matter) and has broken chiral
symmetry (like the hadronic phase) [2].
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Figure 1.3: Schematic illustration of the solution to TOV equations over a broad range of
central pressures; hypothetical strange stars are also shown [3].
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Figure 1.4: The large left frame shows the velocity field of the l = m = 2 r-mode at an
instant in time. The narrow frame on the right is a qualitative picture of the actual motion
of individual fluid elements (to leading order in the slow-rotation expansion). [4].
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Chapter 2
Strangelet dwarfs
It is generally assumed that strange stars are compact objects, with sizes in the 10 kilometer
range [18], ending at a sharp surface of thickness ⇠ 1 Fermi, perhaps with a very thin
electrostatically suspended nuclear matter crust [39, 40, 41]. However, if the surface tension
of the interface between quark matter and the vacuum is less than a critical value

crit

(of

order a few MeV/fm2 in typical models of quark matter) then large strangelets are unstable
against fission into smaller ones [42, 43, 44], and the energetically preferred state is a crystal
of strangelets: a mixed phase consisting of nuggets of positively-charged strange matter in
a neutralizing background of electrons. In this “low surface tension” scenario, the compact
branch contains strange stars with a crust that consists of strangelets in a background of
electrons; this “strangelet crystal crust” was studied in Ref. [44]. In this chapter we study
the di↵use branch, which has no core of uniform quark matter: these stars consist entirely
of strangelets in a background of degenerate electrons, so by analogy with white dwarfs we
call them strangelet dwarfs.
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2.1

Introduction

The strangelet-crystal phase is a charge-separated phase. Charge separation is favored by
the internal energy of the phases involved, because a neutral phase is always at a maximum
of the free energy with respect to the electrostatic potential (see [45, 46]; for a pedagogical
discussion see [47]). The domain structure is determined by competition between surface
tension (which favors large domains) and electric field energy (which favors small domains).
Debye screening plays a role in determining the domain structure, because it redistributes
the electric charge, concentrating it in the outer part of the quark matter domains and the
inner part of the surrounding electron gas, and thereby modifying the internal energy and
electrostatic energy contributions. In this chapter, we solve the Tolman Oppenheimer Volko↵
equation [48, 25], using the equation of state of the mixed phase to obtain the M (R) relation
of strangelet dwarfs.
In Sec. 2.2 we introduce a phenomenological parametrization of uniform quark matter, and
explore ranges of reasonable parameter values. In Sec. 2.3 we obtain the equation of state
in the strangelet lattice, by assuming that the strangelet lattice can be divided into unit
cells (“Wigner-Seitz cells”) and calculating the pressure of a cell as a function of its energy
density. Our approach is similar to that used in previous studies of the strangelet crystal
[43, 44] (except that in this paper we include electron mass e↵ects) and in studies of mixed
phases of quark matter and nuclear matter in the interior of neutron stars [49]. In Sec. 2.4
we show the numerical results and analytical approximations of EoS and the consequential
mass-radius relation of strangelet dwarfs. Finally in Sec. 2.5 we give the conclusion and
future applications of this work.
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The main assumptions that we make are:
1) We assume that the strangelets in the plasma form a regular lattice of Wigner-Seitz cells,
which we treat as rotationally invariant (spherical). In reality the cells will be unit cells
of some regular lattice. We do not consider lower-dimensional structures (rods or slabs)
because in Ref. [44] we found that such structures were never energetically favored.
2) Within each Wigner-Seitz cell we use a Thomas-Fermi approach, solving the Poisson
equation to obtain the charge distribution, energy density, and pressure. This is incorrect
for very small strangelets, where the energy level structure of the quarks becomes important
[50, 51].
3) We treat the interface between quark matter and the vacuum as a sharp interface which
is characterized by a surface tension. We assume there is no charge localized on the surface.
(Thus we neglect any surface charge that might arise from the reduction of the density of
states of strange quarks at the surface [52, 53, 54, 55].)
4) We neglect the curvature energy of a quark matter surface [56, 57], so we do not allow for
“Swiss-cheese” mixed phases, in which the outer part of the Wigner-Seitz cell is filled with
quark matter, with a cavity in the center, for which the curvature energy is crucial.
5) We work at zero temperature.
In our calculations we use units ~ = c = ✏0 = 1, so ↵ = e2 /(4⇡) ⇡ 1/137.

2.2

Phenomenological Description of Quark Matter

We use the fact that in most phases of quark matter the chemical potential for negative
electric charge µe is much less than the chemical potential for quark number µ. This allows
us to write down a model-independent parameterization of the quark matter equation of
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state, expanded in powers of µe /µ [43],

pQM (µ, µe ) ⇡ p0 (µ)

nQ (µ)µe +

1
2

2
Q (µ)µe

+ ...

(2.1)

Note that the contribution of electrons to the pressure of quark matter is O(µ4e ), and is
neglected. This is a very good approximation for small strange quark mass, which corresponds to small nQ . (For the largest value of nQ that we study, µe in neutral quark matter
is close to 100 MeV, and the assumption is still reasonable.) Also although Eq. (2.1) of the
electrostatic properties of quark matter is generic, it is not appropriate for strangelets in the
color-flavor locked (CFL) phase [58], which is a degenerate case requiring separate treatment
(see Sec. 2.4.1).
As noted in Sec. 2.1, we assume that the interface between quark matter and vacuum has a
surface tension , and we neglect any curvature energy.
The quark density n and the electric charge density qQM (in units of the positron charge) are
n=

@pQM
,
@µ

qQM =

@pQM
= nQ
@µe

Q µe

.

(2.2)

So in uniform neutral quark matter the electron chemical potential is µneutral
= nQ /
e

Q.

Eq. (2.1) is a generic parametrization if µneutral
⌧ µ, which is typically the case in threee
flavor quark matter.
The bag constant enters in p0 (µ), and we will fix it by requiring that the first-order transition between neutral quark matter and the vacuum occur at quark chemical potential µcrit ,
i.e. p(µcrit , µneutral
) = 0. Because we are assuming that the strange matter hypothesis is
e
valid, we require µcrit . 310 MeV, since at µ ⇡ 310 MeV there is a transition from vacuum
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to neutral nuclear matter. In this article we will typically use µcrit = 300 MeV. The value
of µ inside our quark matter lumps will always be very close to µcrit , so we can also expand
in powers of µ

µcrit , and write
pQM (µ, µe ) ⇡ n (µ

n2Q

+2

1
2

µcrit ) +

nQ µe +

Q

(µ
1
2

µcrit )2

2
Q µe .

(2.3)

A quark matter equation of state can then be expressed in terms of 6 numbers: µcrit , the
charge density nQ and charge susceptibility
density n and susceptibility

Q

evaluated at µ = µcrit , the quark number

evaluated at µ = µcrit , and the surface tension .

We will restrict ourselves to values of the surface tension that are below the critical value
[43]
crit

= 0.1325

n2Q

D
Q

where

D

= 0.1325 p

n2Q
4⇡↵

3/2
Q

,

(2.4)

is the Debye screening length in quark matter

D

If the surface tension is larger than

1
=q
4⇡↵

crit

.

(2.5)

Q

then the energetically favored structure at low

pressure will not be a strangelet crystal, and there will be no strangelet dwarfs.
Rough estimates of surface tension from the bag model are in the range 4 to 10 MeV/fm2
[59, 60], and for typical models of quark matter,

crit

is of order 1 to 10 MeV/fm2 [43], so

it is reasonable to explore the possibility that strange quark matter could have a surface
tension below

crit .
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2.2.1

Specific equations of state

When we show numerical results we will need to vary nQ and

Q

over a range of physically

reasonable values. To give a rough idea of what values are appropriate, we consider the
example of non-interacting three-flavor quark matter, for which nQ and

Q

become functions

of µ and the strange quark mass ms , while p0 is in addition a function of the bag constant
B. Expanding to lowest non-trivial order in ms ,
p0 (µ) =
nQ (µ, ms ) =
Q (µ, ms ) =

9µ4
12⇡ 2

B,

m2s µ
,
2⇡ 2

(2.6)

2µ2
.
⇡2

We emphasize that these expressions are simply meant to give a rough idea of reasonable
physical values for nQ and

Q.

Our treatment does not depend on an expansion in powers

of ms . To tune the transition between neutral quark matter and the vacuum so it occurs at
µ = µcrit (see previous subsection), we set B so that p0 (µcrit ) = 12 n2Q (µcrit )/

Q (µcrit ).

In the regions between lumps of strange matter, we will assume that there is a degenerate
electron gas, whose pressure, and charge density in units of e, are
✓
1
pe (µe ) =
(2kF2 e 3m2 )kF e µe
24⇡ 2
⇣ k + µ ⌘◆
Fe
e
4
+ 3m ln
,
m
1 3
qe (µe ) =
k .
3⇡ 2 F e

(2.7)

where µ2e = kF2 e + m2e . Note that at low pressures this is more accurate than the electron gas
equation of state used in Ref. [44], where the electron mass was set to zero.
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2.3

Equation of State of Strangelet Crystal

2.3.1

Wigner-Seitz cell

Following the approach of [44], we analyze a spherical Wigner-Seitz cell of radius Rcell , with
a sphere of quark matter at the center of radius R. We use the Thomas-Fermi approximation
to calculate µe (r),
r2 µe (r) =

4⇡↵q(r) ,

(2.8)

where q(r) is the electric charge density in units of the positron charge e, and µe is the
electrostatic potential divided by e.
The boundary conditions are that there is no electric field in the center of the cell (no function charge there), and no electric field at the edge of the cell (the cell is electrically
neutral),
dµe
(0) = 0 ,
dr

dµe
(Rcell ) = 0 .
dr

(2.9)

We also need a matching condition at the edge of the quark matter. Since we assume that
no charge is localized on the surface, we require continuity of µe and its first derivative (the
electric field) at r = R.
The value of µ inside the strange matter will be slightly di↵erent from µcrit because the
surface tension compresses the droplet. To determine the value of µ, we require the pressure
discontinuity across the surface of the strangelet to be balanced by the surface tension:

pQM (µ, µe (R))

pe (µe (R)) =
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2
.
R

(2.10)

Once these equations are solved, we can obtain the equation of state of matter made of such
cells. The total energy of a cell is
E = 4⇡
+ 4⇡

Z
Z

R
0

Rcell

1
µq
2 e

2

r dr
R

+ 4⇡R2
The

⇣
r2 dr µn(µe )
⇣

1
µq
2 e e

1
µ q (µe )
2 e QM

(µe )

pQM (µ, µe )

pe (µe )

⌘

⌘
(2.11)

,

terms in (2.11) come from combining

µe q (from the relationship between energy

density and pressure) with the electric field energy density + 12 µe q. The pressure of the cell
is simply the pressure of the electrons at the edge of the cell,

pcell = pe µe (Rcell ) .

(2.12)

The total number of quarks is

N = 4⇡

Z

R

r2 dr n(µ, µe ) .

(2.13)

0

The volume of the cell is V = (4/3)⇡Rcell 3 .
By varying R and Rcell we generate a two-parameter family of strangelets. However, there
is really only a single-parameter family of physical configurations, parameterized by the
external pressure pcell . On each line of constant pcell in the (R, Rcell ) parameter space, we
must minimize the enthalpy per quark,

h=

E + pcell V
,
N
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(2.14)

to find the favored value of R and Rcell . We assume zero temperature so h is also the Gibbs
free energy per quark.
We now have a well-defined way to obtain the equation of state of the mixed phase of quark
matter, namely the energy density " = E/V as a function of the pressure pcell .

2.3.2

Numerical solution

Inside the quark matter, the solution to the Poisson equation (2.8) that obeys the boundary
condition at the origin is
µe (r) =

nQ
Q

+

A
r

sinh(

D

r

),

(2.15)

D

where A will be determined by matching conditions.
In the degenerate electron gas region outside the strange matter, from (2.7) and (2.8) the
Poisson equation becomes
r2 µe (r) =

4↵ 2
(µ
3⇡ e

m2e )3/2 ,

(2.16)

which must be solved numerically. For a given value of A we find from (2.15) the value and
slope of µe (r) at r = R, and use these as initial values to propagate µe (r) out to r = Rcell
using (2.16). We vary A until we obtain a solution that obeys the boundary condition of no
electric field at the edge of the cell.

2.3.3

Low-pressure approximations

If the pressure is not too high, the strangelet crystal consists of large Wigner-Seitz cells
(Rcell

R).

In this regime one can obtain approximate analytic expressions for the
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equation of state of the crystal by assuming that the electrons have a roughly constant
density outside the strangelet. We give these expressions below, and in later sections we
use them to calculate mass radius relations for large strangelet dwarf stars. However,
we expect these approximations break down at ultra-low pressures, when the cell size becomes so large that screening cannot be ignored, and the electrons are clumped around the
strangelets, forming atoms, rather then being roughly uniformly distributed between the
strangelets. This will happen when Rcell approaches the Bohr radius a0 = 1/(↵me ), i.e.
when pcell . ↵5 Z 5/3 m4e ⇡ (10

12

MeV4 )Z 5/3 . At these ultra-low pressures one should use an

atomic matter equation of state: we do not do this, since we expect it will only a↵ect a very
small surface layer of the star, without any appreciable e↵ect on the mass-radius relationship.
The equation of state "(pcell ) is found by writing the energy density " of the cell and its
pressure as a function of the size of the cell. For now we will treat the size R and charge Z
of the central strangelet as unknowns; later we will estimate their values.
Since the pressure inside a large cell is very low the energy density of the quark matter is
approximately nµcrit , so
R3
" ⇡ nµcrit
.
Rcell 3

(2.17)

To obtain the pressure at the edge of the cell we need to estimate the density distribution
of the electrons outside the strangelet.

Constant potential approximation The simplest approximation is to ignore screening,
taking the electron Fermi momentum kF e to be independent of r outside the strangelet (Sec. I
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of Ref. [61]). Imposing neutrality of the cell fixes the Fermi momentum of the electrons,
kF3 e =

9⇡Z
.
4Rcell 3

(2.18)

Using (2.17), we obtain the equation of state "(pcell ) of the strangelet crystal

" ⇡ µcrit n

4(kF e R)3
9⇡Z

(2.19)

where we use (2.7) to relate the electron Fermi momentum to pcell .
Because the constant potential approximation gives a fairly simple expression we can use it
to understand how the strangelet crystal EoS depends on the parameters of the quark matter
EoS, and hence how the M (R) curve for strangelet dwarf stars depends on those parameters.
Note that in (2.19) the dependence of the energy density on the pressure is via a universal
and monotonically increasing function kF e (p); dependence on the quark matter parameters
enters via the factor that multiplies this function. To make the dependence on quark matter
parameters explicit we use results for R and Z from Sec. 2.3.3 below, and rewrite (2.19) for
the EoS of the strangelet crystal as
"(pcell ) ⇠ S kF e (pcell )

3

,

µcrit n
S =
,
2
3⇡ nQ ⇠(x0 (¯ ))

(2.20)

where all dependence on the quark matter parameters comes through the prefactor S, which
has units of energy. S can be explicitly obtained using (2.25), (2.27), and (2.28) for the ⇠
function. One could informally think of S as a “softness” parameter of the strangelet crystal
EoS: as S increases, the pressure becomes a more slowly-rising function of energy density.
We expect that softer equations of state will yield smaller stars with lower maximum masses.
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In Table 2.1 we give the value of S for a range of values of the parameters of the underlying
quark matter EoS.
At low enough pressures, the electrons become nonrelativistic. Then pcell ⇡ kF5 e /(15⇡ 2 me ),
and (2.19) simplifies to an analytic expression for the equation of state,

"N R

4R3 ⇣ 125⇡ 3 ⌘1/5
3/5
⇡
me
nµcrit pcell
3Z
9

This is a reasonable approximation when kF e . me , i.e.

(2.21)
when pcell . m4e /(24⇡ 2 ) ⇡

0.0003 MeV4 . However, as we will see below, at the very lowest pressures the constant
potential approximation becomes inaccurate.

Coulomb potential approximation We can improve on the constant potential approximation by including the Coulomb energy of the electrons in the calculation of the pressure.
The equation of state is still given by (2.19), but now the relationship between pcell and kF e
is modified by the addition of a Coulomb energy term (Ref. [61], (5)), yielding

pcell = pe

↵ ⇣ Z 2 ⌘1/3 4
kF e .
5 18⇡ 7

(2.22)

Unlike the constant potential approximation, the Coulomb potential approximation gives an
energy density that goes to a non-zero value at zero pressure,
2Z(↵me R)3
"Coul (0) = µcrit n
.
3⇡ 2

(2.23)

Comparing with (2.17) we see that this corresponds to the energy of cells with size of order
1/(↵me ) ⇠ 10

10

m. This is the energy density of a lattice of zero-pressure atomic matter
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with strangelets in place of nuclei, which is a reasonable guess for the low-pressure configuration of strangelets. We will therefore use the Coulomb approximation as the low-pressure
extension of our equation of state. As we will see, this leads to a “planet” branch in the
mass-radius relation for configurations of strange matter.

Radius and charge of strangelet at low pressure The low-pressure approximation
expressions given above depend on the size R and charge Z of the strangelet at the center
of a large cell. This is approximately an isolated strangelet, whose radius can be calculated
by minimizing the isolated strangelet free energy given in eqn (25) of Ref. [43],
3x
2

g(x) =

tanh x 3¯
+
,
x3
x

where x is the radius of the strangelet in units of

¯=

D,

4⇡↵n2Q

3
D

(2.24)

and

.

(2.25)

So the strangelet radius R as a function of the parameters of the quark matter equation of
state is
R = x0

D,

where

d g
(x0 ) = 0 .
dx

(2.26)

We are interested in values of ¯ up to 0.13, since for higher surface tension the strangelet
crystal is no longer stable [43]. An approximate expression for the solution to (2.26), accurate
to about 0.2% for ¯ . 0.13, is
xapprox
0

=

✓

15¯
2

◆1/3

+

2.174 ¯
,
1 3.982 ¯

(2.27)

where the first term is the leading-order analytic expression for x0 in the limit of small ¯ .
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The charge Z of the central strangelet is given by eqn. (17) of Ref. [43], which can be written
4 3
⇡R nQ ⇠(R/ D ) ,
3
3
⇠(x) ⌘ 3 (x tanh x) ,
x
Z ⇡

(2.28)

where ⇠ is a correction for the e↵ects of screening inside the quark matter; it is an even
function with ⇠(0) = 1.

2.4
2.4.1

Numerical Results
Range of parameters studied

Our assumption that the strange matter hypothesis is valid requires that µcrit must be less
than the quark chemical potential of nuclear matter, about 310 MeV, so we fix µcrit =
300 MeV. The value of µ inside our strange matter lumps will always be within a few MeV
of µcrit , because if the surface tension is small enough to favor the strangelet crystal it will
not cause significant compression.
We will perform calculations for

D

= 4.82 fm and

D

= 6.82 fm, corresponding to

0.2µ2crit (appropriate for unpaired quark matter (2.6)) and

Q

Q

⇡

⇡ 0.1µ2crit (appropriate for 2SC

quark matter [43]).
Typical values of nQ will be around 0.05µcrit m2s (2.6), and a reasonable range would correspond to varying ms over its physically plausible range, from about 100 to 300 MeV. (To
have strange matter in the star, ms must be less than µcrit .) Here we use nQ = 0.0445,
0.0791, and 0.124 fm 3 , which would correspond to ms = 150, 200, and 250 MeV in (2.6).
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There is another widely-discussed phase of quark matter, the color-flavor locked (CFL) phase,
but it is a degenerate case where nQ =

Q

= 0. CFL strangelets have a surface charge, but

it does not arise from the mechanism studied here, Debye screening, and has a di↵erent
dependence on the size of the strangelet [53]. We hope to study CFL strangelet matter in a
separate work.
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Figure 2.1: Equation of state of the mixed phase (strangelet crystal) for strange matter
with µcrit = 300 MeV, D = 6.82 fm, nQ = 0.0791 fm 3 , = 1.0 MeVfm 2 . The dots were
obtained numerically following the procedure of Sec. 2.3.2. The solid line is the Coulombpotential approximation (Sec. 2.3.3). The dashed line is the non-relativistic electron (ultralow pressure) limit (2.21). Above p ⇡ 20000 MeV4 , uniform quark matter becomes favored
over the mixed phase.
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(fm)

nQ
(fm 3 )

(MeV fm 2 )

4.82
4.82
4.82

0.0445
0.0791
0.124

0.533
1.69
4.12

345
158
94

–
202
104

–
–
140

–
–
–

6.82
6.82
6.82

0.0445
0.0791
0.124

1.51
4.8
11.6

280
146
90

367
161
95

–
206
105

–
–
155

D

crit

Softness prefactor S (MeV) at
= 0.3
= 1.0
= 3.0
= 10.0

Table 2.1: Softness prefactor (2.20) of the strangelet crystal for various quark matter equation
of state. The first two columns, D and nQ , specify the quark matter equation of state (2.3)
(via (2.5)). The third column gives the maximum surface tension for which a strangelet
crystal will occur (2.4). The last four columns give the softness prefactor S for di↵erent
values of the surface tension (given in MeV fm 2 ) of the interface between quark matter
and vacuum.

2.4.2

Testing approximations to the equation of state

In Fig. 2.1 we show the equation of state for the strangelet crystal, for critical quark chemical
potential µcrit = 300 MeV, quark matter screening distance

D

= 6.82 fm, quark charge

density parameter nQ = 0.0791 fm 3 , and quark matter surface tension

= 1.0 MeVfm 2 .

The dots were obtained numerically following the procedure of Sec. 2.3.2. The solid line
is the Coulomb-potential approximation (Sec. 2.3.3). On this plot the constant potential
approximation (Sec. 2.3.3) line would be indistinguishable from the Coulomb-potential line,
so we do not show it. The dot-dashed line is the non-relativistic electron (ultra-low pressure)
limit (2.21) of the constant potential approximation. Above p ⇡ 20000 MeV4 , uniform quark
matter becomes favored over the mixed phase. On this very expanded logarithmic scale, the
Coulomb approximation appears reasonably accurate up to pressures of order 1 MeV.
To achieve more discrimination between the di↵erent approximations, we show in Fig. 2.2
a magnified version of the low-pressure end of the plot in Fig. 2.1, where we have divided
out the non-relativistic scaling of the energy density, " ⇠ p3/5 . We can see that, down to
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the lowest pressures for which we can perform the numerical Wigner-Seitz calculation of
the equation of state, the Coulomb approximation gives the most accurate semi-analytic
approximation, although the constant potential approximation is accurate to within about
10%.
We then have to decide which approximation to use for lower pressures, where numerical
calculations are not available. In the low-pressure limit, the Coulomb approximation to "(p)
tends to a fixed value, while the constant and nonrelativistic approximations to "(p) tend to
zero as p3/5 . So in Fig. 2.2 the Coulomb approximation will diverge at p ⌧ 10

5

MeV4 , while

the constant and nonrelativistic approximations will tend to the same constant value. As
discussed in Sec. 2.3.3, it seems reasonable to expect that at the lowest pressures there will
be a crystal of “strange atoms”, each consisting of electrons bound to a strangelet, and the
Coulomb approximation gives a reasonable estimate of the energy density of such matter, so
at low pressure we will use the Coulomb approximation.

2.4.3

Mass-radius relation of strange stars

In Fig. 2.3 we show the full mass-radius curve for stars made of quark matter with the
equation of state plotted in Fig. 2.1. The compact branch contains strange stars with a
strangelet crystal crust. The di↵use branch contains stars consisting entirely of strangelet
crystal matter. It includes two segments: the lighter one is planets of dilute strange matter
whose the mass increases with radius. This joins to the strangelet dwarf branch where the
mass decreases with radius as the strangelet crystal is compressed by the pressure due to
gravity. We use the numerically calculated equation of state (Sec. 2.3) except that at very low
pressure (the planetary branch) the Wigner-Seitz cells become so large that our numerical
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methods break down, so as discussed in Sec. 2.3.3 we use the Coulomb approximation (2.22)
to extrapolate down to zero pressure.
Fig. 2.3 shows the whole M (R) curve, not all of which corresponds to stable configurations.
The usual stability criterion for stars [62] is that one radial mode becomes either stable or
unstable at each extremum in the M (R) function. A stable mode becomes unstable at each
extremum where the curve bends counterclockwise as the central density increases; a stable
mode becomes unstable at each extremum where the curve bends clockwise as the central
density increases. However, Glendenning et.al. [63] report that at some extrema there is
no change in stability: the squared frequency of one of the fundamental radial modes may
touch zero, but not change sign. We defer a detailed study of the stability of radial modes of
strange stars to future work, and in Fig. 2.3 we show as “stable” (solid curves) the parts of
the M (R) curve that both Ref. [62] and Ref. [63] agree are stable. We note that Ref. [63] is
a study of stars that have a core of uniform strange matter surrounded by a crust of nuclear
matter: these are similar to the configurations along the dashed part of the mass-radius
curve in Fig. 2.3, where we have a core of uniform strange matter surrounded by a crust of
strangelets, with a density discontinuity at the boundary. If Ref. [63]’s stability argument is
correct and applicable to our stars, then some of these configurations may also be stable. In
the remainder of this chapter we will focus on the strangelet dwarf branch, which consists
of a simple crystal of stranglets with no uniform core, so there is no controversy about the
appropriate stability criterion.
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2.4.4

Mass-radius relation of strangelet dwarfs

To investigate the sensitivity of the masses and radii of strangelet dwarfs to the parameters
of the quark matter equation of state, we show in Fig. 2.4 and 2.5 the strangelet dwarf part
of the mass-radius curve, excluding the compact and planetary branches, for various values
of the quark matter parameters.
In Fig. 2.4 we explore the e↵ects of varying the surface tension, and we compare the di↵erent approximations to the equation of state. The upper curves are for the same equation
of state as was shown in Fig. 2.1 and 2.2; the lower curves use a larger surface tension,
= 3 MeVfm 2 . In both cases the solid curves are obtained from the Coulomb-potential
approximation to the equation of state, and the dashed lines are obtained from the constantpotential approximation. The dots use the equation of state that is obtained numerically
following the procedure of Sec. 2.3.2, except that at very low pressures, where the numerical
calculation becomes too difficult, the Coulomb approximation is used.
We see that, as one might have expected from Fig. 2.1, using the Coulomb approximation over
the entire pressure range of the mixed phase yields reasonably accurate results. However,
as noted in Sec. 2.3.3, the constant potential approximation is still useful for gaining an
understanding of how the M (R) curve for strangelet dwarfs depends on the parameters of the
EoS, because in the range of pressures that is important for strangelet dwarfs it gives a good
indication of the M (R) curve. (At ultra-low pressures, relevant for the strange planet branch,
this is no longer the case: one has to use the Coulomb approximation instead.) As discussed
in Sec. 2.3.3, the constant potential approximation to the EoS can be written in terms of a
“softness prefactor” S (2.20). To understand how the M (R) curve in Fig. 2.4 changes with ,
note that x0 (¯ ) is a monotonically increasing function and ⇠(x0 ) is a monotonically decreasing
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function, so as the surface tension

increases at fixed values of the other parameters, the

softness prefactor S of the strangelet crystal EoS increases (one can see this in Table 2.1).
Since the EoS is becoming softer, the M (R) curve moves down and to the left, giving smaller
stars with a lower maximum mass.
In Fig. 2.5 we explore the e↵ects of varying the charge density parameter nQ in (2.3) while
keeping the other parameters constant. As in Fig. 2.4, solid lines are for the Coulomb
approximation to the equation of state, dots are for the numerically calculated equation of
state using the Coulomb approximation to extrapolate to the lowest pressures. We see that
increasing nQ yields heavier, larger strangelet dwarf stars. Again, this can be understood
in terms of the constant potential approximation and its softness prefactor S (2.20). As nQ
increases, it causes S to decrease through two e↵ects. Firstly via the explicit factor of nQ in
the denominator of (2.20), and secondly via the relationship (2.25) between

and ¯ . The

sensitivity of S to changes in nQ can be seen in Table 2.1: for the two values of nQ used in
Fig. 2.5 the values of S are near the extremes of its range in the parameter set we studied:
S ⇡ 345 and S ⇡ 94 for nQ = 0.0445 and nQ = 0.124 respectively. Consequently, the M (R)
curve for nQ = 0.0445 is characteristic of a soft equation of state, with low radius at a given
mass and a low maximum mass, whereas the M (R) curve for nQ = 0.124 is characteristic of
a hard equation of state, with large radius at a given mass and a high maximum mass.

2.5

Conclusions

In this chapter we have shown that, if the strange matter hypothesis is correct and the surface
tension of the interface between strange matter and the vacuum is less than a critical value
(2.4), there is at least one additional stable branch in the mass-radius relation for strange
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stars, corresponding to large di↵use objects that we call “strangelet dwarfs”, consisting of
a crystal of strangelets in a sea of electrons. This is easily understood, since if

<

crit

then uniform strange matter is unstable at zero pressure, and undergoes charge separation
to a crystal of positively-charged strangelets surrounded by electrons, just as normal matter
at zero pressure is a mixed phase consisting of droplets of nuclear matter surrounded by
electrons. Strangelet dwarfs are then the strange matter equivalent of white dwarfs.
We emphasize that in this low-surface-tension scenario, strange matter is not self bound.
Like nuclear matter, it is only bound by gravitational forces. Every strange star will have a
strangelet crystal crust, and strangelet dwarfs are those strange stars that are “all crust”.
The natural production mechanism by which strangelet dwarfs might be produced is a collision between a strange star and another compact object. In such collisions, up to 0.03 M
may be ejected [64], which is in the mass range we are predicting for strangelet dwarfs.
There are two ways a collision could produce strangelet dwarfs. Firstly, part of the crust of
the strange star might be ejected to become a isolated object, which would be a strangelet
dwarf. Secondly, if a sufficiently light piece of the uniform quark matter core were ejected
in the collision, it would be unable to exist on the compact branch, and would evaporate
into a configuration on the di↵use branch. For example, for the equation of state studied in
Fig. 2.3, the lightest compact configuration of strange matter is 0.0055 M . A lighter piece
of strange matter could only exist on the di↵use branch, and would spontaneously evaporate
to become a strangelet dwarf. Strangelet dwarfs produced by these mechanisms could then
bind gravitationally, to form heavier strangelet dwarfs.
It should be noted that our proposed mechanism for the production of strangelet dwarfs is
also a mechanism for creating a di↵use cosmic flux of strangelets (“strangelet pollution”),
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which might be expected to convert all neutron stars to strange stars [65]. Although observations of glitches and magnetar oscillations [66] seem consistent with some compact stars
having nuclear matter crusts, there remains some uncertainty. Crystalline phases of quark
matter could allow strange stars to glitch [67], and in our low-surface-tension scenario strange
stars have crusts that could be hundreds of meters thick [44]. A cosmic flux of strangelets
may seem unlikely but until it is ruled out experimentally (as may happen soon from the
AMS experiment [68]) it remains useful to analyze the full observational consequences of the
strange matter hypothesis.
Our analysis assumes that at any given pressure the strangelet crystal consists of the most
energetically favorable strangelet configuration (in terms of strangelet size and charge and
cell size). However, other configurations will in general be metastable with long lifetimes.
If one compresses a piece of strangelet crystal then the charge of the strangelets can readily
change via absorption or emission of electrons, but it is very difficult for the quark matter
to rearrange itself in to strangelets of the now-energetically-favored size: it is more likely
that the strangelets will stay the same size and the radial density profile of the electrons will
change. The sizes of the strangelets will be determined more by the history of the object than
by the pressure. Taking this point further, it is quite possible to have a crystal consisting
of a mixture of strangelets and ordinary nuclei, held apart by their electrostatic repulsion
but also bound together in to a crystal by the degenerate electron gas that neutralizes them,
forming a hybrid strangelet/white dwarf star.
Detection of strangelet dwarfs requires an observation method that can find non-luminous
objects with typical masses of 10

5

to 10

1

M and radii in the range 500 to 5000 km. An

example is gravitational microlensing surveys, such as those conducted by the Microlensing
Observations in Astrophysics (MOA) and the Optical Gravitational Lensing Experiments
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(OGLE) groups, which look for lensing events in the galactic bulge, and are capable of
detecting Jupiter-mass objects. It is intriguing that such surveys now report the existence of
an abundant population of unbound distant planetary masses, suggesting that such objects
may be twice as common as main sequence stars [22]. Although models of planet formation
indicate that mechanisms exist for unbinding planets through disk instabilities and planet
interactions [69], we suggest that a possible alternative is formation of strange dwarfs from
matter ejected in strange star mergers. One would expect that sometimes a strangelet dwarf
produced in a merger might be unable to escape the gravitational field of the remaining
compact object, and this would explain the presence of dense planet-mass objects in the
vicinity of compact stars. An example is the millisecond pulsar PSR J1719-1438, which has
a Jupiter-mass companion whose inferred central density (⇢ > 23 g cm 3 ) is far in excess of
what is expected in a planet [70]. We expect that in the near future further light will be
cast on this question, as microlensing surveys help us better understand the distribution of
planetary mass compact objects and as strategies are devised to provide information about
both mass and radius.
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Figure 2.2: Equation of state of the mixed phase for the same parameters as in Fig. 2.1,
zoomed in on the low pressure region, and with the energy density divided by p0.6 . The dots
were obtained numerically following the procedure of Sec. 2.3.2. The Coulomb-potential
approximation (Sec. 2.3.3) is the most accurate, followed by the constant-potential approximation (Sec. 2.3.3), and then the non-relativistic electron approximation (2.21).
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Figure 2.3: The full mass-radius curve for stars made of quark matter with the equation of
state plotted in Fig. 2.1, using the Coulomb approximation (2.22) to extrapolate to lower
pressures. The compact branch contains strange stars with a strangelet crystal crust. The
di↵use branch contains stars consisting entirely of strangelet crystal matter. Solid lines
represent configurations that are stable; stability of the other branches is discussed in the
text.
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Figure 2.4: Mass-radius relation for strangelet dwarfs made of strangelet crystal matter,
comparing di↵erent approximations to the equation of state. Upper (blue) curves are for
the same parameters as in Figs. 2.1 and 2.2. Lower (red) curves are for a larger surface
tension, = 3 MeVfm 2 . The dots were obtained using the full numerical equation of state
(Sec. 2.3.2). The solid lines use the Coulomb-potential approximation (Sec. 2.3.3), and the
dashed lines use the constant-potential approximation (2.19).
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Figure 2.5: Mass-radius relation for strangelet dwarfs made of strangelet crystal matter,
comparing di↵erent approximations to the equation of state.
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Chapter 3
Generic conditions for stable hybrid
stars
It is already known [71, 5, 6] that there is a simple criterion, in terms of the discontinuity
in the energy density at the transition, that specifies when hybrid stars with an arbitrarily
small core (i.e. with central pressure just above the transition) will be stable. In this chapter
we look at the properties of the hybrid star branch from the transition up to higher central
pressures, assuming that the quark matter EoS has a density-independent speed of sound
like a classical ideal gas1 . We obtain the phase diagram of the possible topological forms of
the hybrid star branches, and find that it is fairly insensitive to details of the nuclear matter
equation of state. We also investigate the observability of the hybrid star branches, and the
maximum mass as a function of the parameters of the quark matter EoS.
1

For a classical ideal gas, the squared speed of sound c2s / T /m, where T is the temperature and m is
the mass, and is independent of density. For a quantum ideal gas, c2s = (1/3) (1 (m/µ)2 ), where µ is the
chemical potential inclusive of mass, and varies between 1/3 (ultra-relativistic case) and ⇠ (2/3) n2/3 (the
non-relativistic case), where n is the number density.
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3.1

Introduction

We assume a generic quark matter equation of state, and see in what ways it might be
constrained by measurements of the mass and radii of compact stars. We assume that there
is a first-order phase transition between nuclear and quark matter, and that the surface
tension of the interface is high enough to ensure that the transition occurs at a sharp interface
(Maxwell construction) not via a mixed phase (Gibbs construction). This is a possible
scenario, given the uncertainties in the value of the surface tension [72, 73, 74]. (For analysis
of generic equations of state that continuously interpolate between the phases to model
mixing or percolation, see Refs. [75, 76].)
To address these questions we parameterize the quark matter EoS in terms of three quantities:
the pressure ptrans of the transition from nuclear matter to quark matter, the discontinuity in
energy density

" at the transition, and the speed of sound cQM in the quark matter, which

we assume remains constant as the pressure varies from ptrans up to the central pressure of
the maximum mass star. This “CSS” parameterization can be viewed as the lowest-order
terms of a Taylor expansion of the quark matter EoS about the transition pressure (see
Fig. 3.1),
"(p) =

8
>
< "NM (p)

>
: "NM (ptrans ) +

p < ptrans
2
" + cQM
(p

,

(3.1)

ptrans ) p > ptrans

where "NM (p) is the nuclear matter equation of state. In Appendix A we describe the
thermodynamically consistent parameterization of the EoS that we used for quark matter.
A similar generic parameterization was proposed in Ref. [77], which also considered the
possibility of two first-order transitions involving two di↵erent phases of quark matter. See
also Ref. [78], which set the speed of sound to 1.
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Figure 3.1: Equation of state "(p) for dense matter. The quark matter EoS is specified by
the transition pressure ptrans , the energy density discontinuity ", and the speed of sound in
quark matter cQM (assumed density-independent).
Quark Matter EoS .
The assumption that quark matter has a density-independent speed of sound is reasonably
consistent with some well-known quark matter equations of state. For some Nambu–JonaLasinio models, the CSS EoS fits Eq. (3.1) almost exactly [77, 79, 80, 81]. In addition,
the perturbative quark matter EoS [82] has roughly density-independent c2QM , with a value
around 0.2 to 0.3, above the transition from nuclear matter (see Fig. 9 of Ref. [83]). In the
quartic polynomial parameterization [84], varying the coefficient a2 between ±(150MeV)2 ,
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EoS
max mass
NL3
2.77 M
HLPS 2.15 M

radius at M = 1.4 M
14.92 km
10.88 km

L
118 MeV
33 MeV

Table 3.1: Properties of the NL3 and HLPS equations of state. L characterizes the densitydependence of the symmetry energy (see text). NL3 is an example of a sti↵ EoS, HLPS is
an example of a softer one at density n . 4n0 .
and the coefficient a4 between 0.6 and 1, and keeping ntrans /n0 above 1.5 (n0 ⌘ 0.16 fm

3

is

the nuclear saturation density), one finds that c2QM is always between 0.3 and 0.36.
We study hybrid stars for a range of values of c2QM , from 1/3 (characteristic of very weakly
interacting massless quarks) to 1 (the maximum value consistent with causality). We expect
that this will give us a reasonable idea of the likely range of outcomes for realistic quark
matter.

“Absent”

“Both”

M

M

M

“Connected”

“Disconnected”

M

Mtrans
R
(a)

R
(b)

Rtrans
(c)

R

R
(d)

Figure 3.2: Four possible topologies of the mass-radius relation for hybrid stars. The thick
(green) line is the hadronic branch. Thin solid (red) lines are stable hybrid stars; thin dashed
(red) lines are unstable hybrid stars. In (a) the hybrid branch is absent. In (c) there is a
connected branch. In (d) there is a disconnected branch. In (b) there are both types of
branch. In realistic neutron star M (R) curves, the cusp that occurs in cases (a) and (d) is
much smaller and harder to see [5, 6]

Nuclear Matter EoS Up to densities around nuclear saturation density n0 , the nuclear
matter EoS can be experimentally constrained. If one wants to extrapolate it to densities
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above n0 , there are many proposals in the literature. For illustrative purposes, we use two
examples: a relativistic mean field model, labelled NL3, [85] and a non-relativistic potential
model with phenomenological extrapolation to high density, corresponding to “EoS1” in
Ref. [86], labelled HLPS. Since HLPS is only defined at n > 0.5n0 , we continued it to lower
density by switching to NL3 for n < 0.5n0 . Some of the properties of HLPS and NL3 are
summarized in Table 3.1, where L is related to the derivative of the symmetry energy S2
with respect to density at the nuclear saturation density, L = 3n0 (@S2 /@n)|n0 .
HLPS is a softer equation of state, with a lower value of L and lower pressure at a given
energy density (up to p ⇡ 3 ⇥ 109 MeV4 , n ⇡ 5.5 n0 where its speed of sound rises above
1 and becomes unphysical). NL3 is a sti↵er EoS, with higher pressure at a given energy
density (also, its speed of sound is less than 1 at all pressures). It yields neutron stars that
are larger, and can reach a higher maximum mass.
There is some evidence favoring a soft EoS for nuclear matter: in Ref. [87], values in the
range L = 40 to 60 MeV were favored from an analysis of constraints imposed by available
laboratory and neutron star data. Using data from X-ray bursts, Ref. [88] finds the surface
to volume symmetry energy ratio Ss /Sv ⇡ 1.5 ± 0.3 (See after their Eq. (43) and Table 4),
which corresponds to L in the range 22 ± 4 MeV (using Eq. (7) in Ref. [87]).

Nuclear/Quark transition The nuclear matter to quark matter transition occurs at
pressure ptrans . We will sometimes specify its position in terms of the energy density "trans
of nuclear matter at the transition, or the ratio ptrans /"trans . Since the nuclear matter EoS
has d2 "/dp2 < 0 at high densities (Fig. 3.1), p/" increases monotonically with p, ", and n,
so it is a proxy for the transition pressure or density.
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In Sec. 3.2 we discuss the criteria for stable hybrid stars to exist, as a function of the nuclear
matter equation of state and the parameters of our generic quark matter equation of state.
Sec. 3.3 presents the phase diagram for hybrid star branches as a function of the parameters
of the CSS EoS for quark matter. In Sec. 4.2.1 we discuss the maximum mass that such
hybrid stars can achieve. Sec. 3.5 gives a summary and conclusions.

3.2

Criterion for Stable Hybrid Stars

3.2.1

Connected hybrid branch

A compact star will be stable as long as the mass M of the star is an increasing function
of the central pressure pcent [62]. There will therefore be a stable hybrid star branch in the
M (R) relation, connected to the neutron star branch, if the mass of the star continues to
increase with pcent when the quark matter core first appears, at pcent = ptrans .
When the quark matter core is sufficiently small, its e↵ect on the star, and hence the existence
of a connected hybrid star branch, is determined entirely by the energy density discontinuity
2
" at its surface, since the quark core is not large enough for the slope (cQM
) of "(p) to

have much influence on the mass and radius of the hybrid star. This fact was pointed
out in Ref. [71] where the dependence on
q ⌘ 1+
parameter

" was expressed in terms of the parameter

"/"trans . A more detailed treatment in Ref. [5, 89] (see also [90, 91]) used a
with the same definition, and calculated the linear response to a small quark

matter core in terms of . Ref. [6] used the parameter

⌘

the occurrence of a cusp in the M (R) relation (see below).
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"/("trans +ptrans ) and highlighted

If

" is small then quark matter has a similar energy density to that of nuclear matter, and

we expect a connected hybrid branch that looks roughly like a continuation of the nuclear
matter branch. If

" is too large, then the star becomes unstable as soon as the quark

matter core appears, because the pressure of the quark matter is unable to counteract the
additional downward force from the gravitational attraction that the additional energy in
the core exerts on the rest of the star. By performing an expansion in powers of the size
of the quark matter core, one can show [71, 5, 6] that there is a stable hybrid star branch
connected to the neutron star branch if
"crit
"trans
(This is

crit

" is less than a threshold value

=

"crit given by

1 3 ptrans
+
.
2 2 "trans

1 in the notation of Ref. [5].) As

(3.2)

" approaches the threshold value

below, both dM/dpcent and dR/dpcent approach zero linearly as p
the slope dM/dR of the mass radius curve is independent of

"crit from

pcent , with the result that

". For

"<

"crit , the hybrid

star branch continues with the same slope as the neutron star mass-radius relation at the
transition to quark matter. When

" exceeds

"crit , dM/dR is unchanged, but flips around

so that there is a cusp when the central pressure reaches ptrans [6], at (M, R) = (Mtrans , Rtrans ).
This is shown in schematic form in Fig. 3.2, where panels (b) and (c) show possible forms of
M (R) for

"<

"crit , and panels (a) and (d) show possible forms for

curves for realistic neutron star equations of state, the cusp at high

">

"crit . In M (R)

" is much less clearly

visible: the region where the slopes of hybrid and neutron stars match is very small, covering
a range in M of less than one part in a thousand near the transition point (Rtrans , Mtrans )
[6].
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3.2.2

Disconnected hybrid branch

In Figs. 3.2(b) and (d), we illustrate the occurrence of a second, disconnected, branch of
stable hybrid stars at

">

"crit . This possibility was noted in Ref. [5]. The disconnected

branch is a “third family” [92, 93] of compact stars besides neutron stars and white dwarfs.
Third families have been found in M (R) calculations for specific quark matter models, for
example kaon condensed stars [94], quark matter cores from perturbative QCD [95], and
color superconducting quark matter cores [96]. Next we will study the generic features of a
quark matter EoS that give rise to this phenomenon. In principle one could imagine that
additional disconnected stable branches might occur, but we do not find any with the CSS
parameterization of the quark matter EoS.

3.3
3.3.1

“Phase Diagram” for Hybrid Stars
Phase diagram at fixed cQM

In Fig. 3.3 we plot a “phase diagram” for hybrid stars, where the control parameters are two
of the parameters of the CSS quark matter EoS: ptrans /"trans (the ratio of pressure to energy
density in nuclear matter at the transition pressure) and

" (the discontinuity in the energy

density at the transition). The quark matter speed of sound is held constant. As noted in
Sec. 2.1, ptrans /"trans increases monotonically with pressure, so it is a proxy for the transition
pressure or density. Our phase diagram covers a range in ptrans /"trans from 0.02 up to about
0.5. Below 0.02 the NL3 EoS has a baryon density far below n0 , and the HLPS EoS has a
discontinuity in c2 that is not physical.
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ptrans εtrans

Figure 3.3: Phase diagram for hybrid star branches in the mass-radius relation of compact
stars. The control parameters are the pressure ptrans and energy density discontinuity "
at the transition, each expressed in units of the nuclear energy density at the transition
"trans . The y-axis is therefore just a shifted version of the parameter of Ref. [5]. The solid
straight line is "crit (Eq. (3.2)). The left panel is the result of calculations for a softer
nuclear matter EoS (HLPS) and CSS quark matter with c2QM = 1. The right panel is a
schematic showing the topological form of the mass-radius relation in each region of the
diagram: regions A,B,C,D correspond to Fig. 3.2(a),(b),(c),(d).
The left panel of Fig. 3.3 is the result of calculations for the HLPS nuclear matter EoS and
quark matter with c2QM = 1. The lower x-axis shows ptrans /"trans , which is the natural way
to characterize the transition. The upper x-axis shows the corresponding transition baryon
density of nuclear matter for the HLPS EoS. HLPS becomes acausal at n = 5.458 n0 , but
all the interesting structure in the plot is below this density. The right panel is a schematic
showing the form of the mass-radius relation in each region of the diagram. The regions
correspond to di↵erent topologies of the hybrid branch displayed in Fig. 3.2: A=“Absent”,
C=“Connected”, D=“Disconnected”, B=“Both” (connected and disconnected).
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Figure 3.4: Phase diagram like Fig. 3.3, showing that the phase boundaries are not very
sensitive to changes in the nuclear matter EoS, but they are a↵ected by varying the quark
matter speed of sound.
The solid straight (red) line is

"crit from Eq. (3.2). On crossing this line M 0 (pcent ) and

R0 (pcent ) both change sign when quark matter first appears, causing the M (R) curve to undergo a discontinuous change, flipping around from being “upward-pointing” (mass increases
with central pressure) and continuous, to being “downward-pointing” (mass decreases with
central pressure) with a cusp. Below the line ( " <

"crit ), in regions B and C, there is a

hybrid star branch connected to the nuclear star branch. Above the line ( " >

"crit ), in

regions A and D, there is no connected hybrid star branch. In regions B and D there is a
disconnected hybrid star branch.
The roughly vertical dash-dotted curve in Fig. 3.3 marks a transition where an additional
disconnected branch of hybrid stars appears/disappears. When one crosses this line from
the right, going from region A to D by decreasing the nuclear/quark transition density, a
stationary point of inflection appears in M (pcent ) at pcent > ptrans . If one crosses from C to
B then this point of inflection is at lower central pressure than the existing maximum in
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M (pcent ). This produces a stationary point of inflection in the M (R) relation to the left of
the existing maximum (if any). After crossing the dash-dotted line the point of inflection
becomes a new maximum-minimum pair (the maximum being further from the transition
point), producing a disconnected branch of stable hybrid stars in regions B and D. Crossing
the other way, by increasing the transition pressure, the maximum and minimum that delimit
the disconnected branch merge and the branch disappears.
The roughly horizontal dashed curve in Fig. 3.3 which separates region B and C marks a
transition between mass-radius relations with one connected hybrid star branch, and those
with two hybrid star branches, one connected and one disconnected. In the notation of
Ref. [97] (sec. (4.2)), this line corresponds to

"/"trans =

max

1. Crossing this line

from below, by increasing the energy density discontinuity, a stationary point of inflection
in M (pcent ) (or equivalently in M (R)) appears in the existing connected hybrid branch.
Crossing in to region B, this point of inflection becomes a new maximum-minimum pair,
so the connected hybrid branch is broken in to a smaller connected branch and a new
disconnected branch. The maximum of the old connected branch smoothly becomes the
maximum of the new disconnected branch. If one crossed the dashed line in the opposite
direction, from B to C, the maximum closest to the transition point would approach the
minimum and they would annihilate, leaving only the more distant maximum.
Where the horizontal and vertical curves meet, the two maxima and the minimum that are
present in region B all merge to form a single flat maximum where the first three derivatives
of M (R) are all zero.
Along the critical line Eq. (3.2), which is the straight line in Fig. 3.3, dM/dpcent = 0 at
pcent = ptrans . We now discuss the curvature M 00 ⌘ d2 M/dp2cent at pcent = ptrans on that
line. On the A/C boundary, M 00 < 0. In region C there is a maximum in M (pcent ) at
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pcent > ptrans , but on the A/C boundary that maximum has shifted to pcent = ptrans . As we
move down the A/C boundary, M 00 becomes less negative. This continues along the B/D
boundary, until at the point where the B/C boundary (dashed line) merges with the B/D
boundary, M 00 = 0. This is because the stationary point of inflection in M (pcent ) (where
the disconnected branch first appears) has now arrived at pcent = ptrans . Continuing down
the critical line, M 00 becomes positive, making it possible for there to be a direct transition
between C and D.

3.3.2

Varying cQM and the nuclear EoS

Up to now we have discussed the e↵ects of varying two of the parameters of the quark matter
EoS, namely ptrans and

". In Fig. 3.4 we show the e↵ects of varying the third parameter,

the speed of sound, and the e↵ect of varying the nuclear matter EoS. Fig. 3.4(a) is the phase
diagram for CSS quark matter with c2QM = 1/3, and Fig. 3.4(b) is for c2QM = 1. In both
panels we show the phase diagram for a softer (HLPS) nuclear matter EoS and a harder
(NL3) nuclear matter EoS. As expected from Eq. (3.2) the straight line where the connected
hybrid branch disappears is independent of c2QM and the detailed form of the nuclear matter
EoS. The other phase boundaries, outlining the region where there is a disconnected hybrid
branch, are remarkably insensitive to the details of the nuclear matter EoS. However, they
depend strongly on the quark matter speed of sound. For a given nuclear matter EoS the
hybrid branch structure is determined by ptrans /"trans ,

"/"trans , and c2QM , so one could make

a three-dimensional plot with c2QM as the third axis, but this figure adequately illustrates
the dependence on c2QM . We will now discuss the physics behind the shape of the phase
boundaries.
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Figure 3.5: Contour plot of a measure of the observability of hybrid branches: M , the
mass di↵erence between the heaviest hybrid star and the hadronic star when quark matter
first appears. We show results for HLPS and NL3 nuclear matter, with c2QM = 1 CSS quark
matter. The contours are not very sensitive to details of the nuclear matter EoS. If the
transition density is high, or if a disconnected branch is present, the connected branch may
be very small and hard to observe.

3.3.3

Physical understanding of the phase diagram

The main feature of the phase diagram is that a disconnected branch is present when the
transition density is sufficiently low, and the energy density discontinuity is sufficiently high,
namely in regions B and D. It occurs more readily (i.e. those regions are larger) if the speed
of sound in quark matter is high. Such features were noticed in the context of stars with
mixed phases in Ref. [75], which pointed out that they can be understood as follows.
When a very small quark matter core is present, its greater density creates an additional
gravitational pull on the nuclear mantle. If the pressure of the core can counteract the extra
pull, the star is stable and there is a connected hybrid branch (regions C and B). If the energy
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Figure 3.6: Contour plot of a measure of the observability of hybrid branches: R, the
di↵erence between the radius of the hadronic star when quark matter first appears and the
radius of the heaviest hybrid star. We show results for HLPS and NL3 nuclear matter, with
c2QM = 1 CSS quark matter. The contours are not very sensitive to details of the nuclear
matter EoS. If the transition density is high, or if a disconnected branch is present, the
connected branch may be very small and hard to observe.
density jump is too great, the extra gravitational pull is too strong, and the star becomes
unstable when quark matter first appears (regions A and D). However, if the energy density
of the core rises slowly enough with increasing pressure (i.e. if c2 = dp/d" is large enough),
a larger core with a higher central pressure may be able to sustain the weight of the nuclear
mantle above it (region D). Region B, with connected and disconnected branches, is more
complicated and we do not have an intuitive explanation for it.
We can now understand why the vertical line marking the B/C and D/A boundaries moves
to the right as c2QM increases. Since c2 = dp/d", if c2QM is larger then the energy density of
the core rises more slowly with increasing pressure, which minimizes the tendency for a large
core to destabilize the star via its gravitational attraction. Finally, we can see why that line
59

has a slight negative slope: larger

" makes the quark core heavier, increasing its pull on

the nuclear mantle, and making the hybrid star more unstable against collapse.
Ref. [75], assuming a mixed phase, conjectured that the third family (disconnected branch)
exists when the speed of sound in quark matter is higher than that in the mixed phase.
However, our results do not support that conjecture. In the case we study, with no mixed
phase, the relevant quantity would be the di↵erence between cQM (the speed of sound in
quark matter) and cNM (the speed of sound in nuclear matter at the phase transition).
If the conjecture were correct, our phase diagram (which is for fixed cQM ) would show the
disconnected branch appearing at a vertical phase boundary located at the transition pressure
where cNM = cQM . In fact, as seen in Fig. 3.4, we find one horizontal phase boundary,
and a near-vertical boundary. For c2QM = 1 quark matter the vertical boundary occurs at
ptrans /"trans ⇡ 0.3 where c2NM ⇡ 0.75 for HLPS and c2NM ⇡ 0.65 for NL3. For c2QM = 1/3
quark matter the vertical boundary occurs at ptrans /"trans ⇡ 0.15 where c2NM ⇡ 0.5 for HLPS
and NL3. We conclude that the appearance of a disconnected branch is not determined by
whether cQM > cNM .

3.3.4

Observability of hybrid branches

The phase diagrams of the previous subsection show us when connected and disconnected
branches are present, but for astrophysical observations it is important to know how easily
these branches could be detected via measurements of the mass and radius of compact
stars. In Figs. 3.5 and 3.6 we show the phase diagram for HLPS and NL3 nuclear matter,
with c2QM = 1 quark matter, with contours showing two measures,
length of the hybrid branch.

M and

R, of the

M is the di↵erence in mass between the heaviest hybrid
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Figure 3.7: Mass of the heaviest hybrid star as a function of its central energy density, for
various quark matter equations of state (3.1). The curves are predictions of Ref. [7] for stars
whose core-region speed of sound squared is 1, 0.6, and 1/3. Pure nuclear matter stars for
the NL3 and APR equations of state are also plotted.
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star and the hadronic star just before quark matter appears (whose mass is Mtrans ).

R is

the di↵erence in radius between the hadronic star just before quark matter appears (whose
radius is Rtrans ) and the heaviest hybrid star. At the horizontal boundary between region
C and B, the maximum of the connected branch smoothly becomes the maximum of the
disconnected branch (see Fig. 3.3) so the dashed contours (for the connected branch) connect
smoothly to the dot-dashed contours (for the disconnected branch). We see that the

M and

R contours are roughly independent of details of the nuclear matter EoS, except at high
transition pressure where the transition to quark matter is happening close to the maximum
of the nuclear EoS, which greatly suppresses the length of the connected branch. Note that
although we only show contours for positive

M and

near-vertical B/C boundary can have negative

R, contours that end on the A/D or

M.

From Figs. 3.5 and 3.6 we conclude that Eq. (3.2) is not a good guide to the presence of
observable hybrid branches. The connected branch may be very small and hard to detect,
even at values of

"/"trans well below the critical value of Eq. (3.2). For the c2QM = 1 case,

only in the parts of region C that lie approximately below region B (i.e. for ptrans /"trans . 0.3)
is the connected hybrid branch large enough to be detectable via observations of mass that
have an experimental uncertainty of around 0.01M or observations of radius that have an
uncertainty of around 0.2 km. When a disconnected branch is present, the connected branch
is either absent (region D) or too small to observe (region B).
The disconnected branch itself, whose presence has nothing to do with Eq. (3.2), is in
principle easily observable except perhaps at the far right edge of regions B and D. The
natural way for the disconnected branch to be populated would be via accretion, taking a star
to the top of the connected branch, after which it would have to collapse to the disconnected
branch, with dramatic emission of neutrinos and gamma rays [98] and gravitational waves
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[99]. It is not clear how one would populate the parts of the disconnected branch that lie
below that mass threshold, so one might end up with a gap in the observed radii of neutron
stars, where the populated sequence jumps from one branch to the other.

Figure 3.8: Contour plot of the mass of the heaviest hybrid star as a function of quark matter
EoS parameters ptrans /"trans , c2QM , and "/"trans (a shifted version of in Ref. [5]) for HLPS
and NL3 nuclear matter. The thin (red), medium (green) and thick (blue) lines are for a
nuclear to quark transition at ntrans = 1.5n0 , 2n0 , and 4n0 , respectively.

3.4
3.4.1

Maximum Mass of Hybrid Stars
Maximum mass and central energy density

The CSS quark matter EoS (3.1) involves three parameters, ptrans (or equivalently ntrans ),
", and cQM . The results of Ref. [100, 7] lead us to expect that, for a given nuclear matter
EoS, the maximum mass Mmax is mostly determined by the central energy density of the
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heaviest star and the speed of sound in the central regions of that star. Specifically,
?
1/2
Mmax = y(ccent )"cent .

(3.3)

The function y(ccent ) can be obtained from Ref. [7] (their Eq. (24) and the associated table).
To test Eq. (3.3), we follow Ref. [100, 7] and plot the maximum mass Mmax that a stable
star can have, as a function of the central energy density in that star "cent . We use the
NL3 nuclear matter EoS and repeat the calculation for a range of quark matter equations
of state, varying the transition density ntrans for the transition to quark matter, the quark
matter speed of sound cQM , and the energy density discontinuity
range of allowed values of

" at the transition. The

", giving stable hybrid stars is from zero to

"crit (ntrans ).

The results are shown in Fig. 3.7, where we use the NL3 nuclear matter EoS and CSS Quark
Matter. The solid curves show Mmax ("cent ) according to Eq. (3.3) for c2cent = 1, 0.6, and 1/3.
Nuclear matter equations of state at high density have c2 close to 1, hence the maximum
masses for pure nuclear matter stars (we show the result for APR [9] nuclear matter as well
as NL3 and HLPS) lie close to the c2cent = 1 line.
The triangles, squares, and circles show the masses of hybrid stars for a quark matter EoS
with relatively low transition densities: ntrans = 1.5 n0 (open symbols) or ntrans = 2 n0 (solid
symbols), and for each of these we vary cQM and

". The low transition density means that

these hybrid stars have large quark matter cores, so the the speed of sound in the central
part of the star is cQM , so the maximum masses should fall on the lines given by Eq. (3.3)
with ccent = cQM . We see that on the whole this is the case. However, for ntrans = 2.0 n0 and
c2QM = 1/3 (solid triangles) the points fall slightly below the predicted c2QM = 1/3 line. This
p
implies that in these stars the e↵ective speed of sound in the core is even lower than 1/ 3.
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However, the speed of sound in the NL3 nuclear matter mantle at n ⇠ 2n0 is greater than
p
1/ 3. It seems reasonable to argue that the first-order phase transition, at which dp/d" = c2
vanishes, acts like a “soft” region where c is small [77], and drags down the average value
of ccent . All hybrid stars have such a transition region, but in these stars the quark matter
cores are smaller than in the other cases, so the nuclear-quark matter boundary is closer
to the center of the star, and by the conjecture of Ref. [100] it is expected to play a more
important role in determining the maximum mass.

3.4.2

How heavy can a hybrid star be?

Using the CSS parameterization (3.1) of the quark matter EoS, it is possible to get hybrid
stars that are heavy enough to be consistent with recent measurements of stars of mass
2 M [1, 23]. In Fig. 3.8 we show contour plots for the maximum masses of hybrid stars as
a function of the parameters of the quark matter EoS, for both the HLPS and NL3 nuclear
equations of state. Fig. 3.8 is a generalization of Fig. 10 of Ref. [77], showing the e↵ect of
di↵erent nuclear matter EoSs and di↵erent transition densities.
We see that, as expected from Fig. 3.3, hybrid stars will be heavier if the energy density
discontinuity

" is smaller (so the gravitational pull of the core does not destabilize the star)

and the speed of sound in quark matter is higher (so the core is sti↵er and can support a
heavy star).
For the softer HLPS EoS, whose pure nuclear matter star has a maximum mass of 2.15 M
(Table 3.1), hybrid stars can be heavier than the pure nuclear star. This occurs when the
transition density is low, and the quark core is a large fraction of the star. In the M (R)
relation, the hybrid branch can have a positive dM/dR, so its M (R) curve looks similar to
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that of a pure quark matter star, rising to a maximum mass star which is heavier and larger
than the heaviest pure HLPS star. For the harder NL3 EoS, whose pure nuclear matter star
has a maximum mass of 2.77 M , hybrid stars are always lighter than the heaviest nuclear
matter star.

3.4.3

The quark matter mass fraction

For hybrid stars, it is natural to ask how much of the mass of the star consists of quark
matter. We define the quark matter mass fraction fq ⌘ Mcore /Mstar . In Fig. 3.8(a), along
the thick (blue, ntrans = 4n0 ) contours of constant Mstar , fq varies from about 60% at low
c2QM and

" to about 70% at high c2QM and

". If the transition pressure is lower then we

expect the quark fraction to be larger: along the medium-thickness (green) mass contours
for ntrans = 2n0 , fq varies from about 90% at low c2QM and

" to about 96% at high c2QM and

".
In Fig. 3.8(b), along the medium-thickness (green) mass contours for ntrans = 2n0 , fq varies
from about 50% at low c2QM and

" to about 80% at high c2QM and

". Again, if the transition

pressure is lower then the quark fraction is larger: along the thin (red) mass contours for
ntrans = 1.5n0 , fq varies from about 80% at low c2QM and

" to over 90% at high c2QM and

".

3.5

Conclusions

In this chapter we studied hybrid stars where there is a sharp interface between two phases
with di↵erent equations of state. We called the two phases “nuclear matter” and “quark
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matter”, but our conclusions are valid for any first-order phase transition between two phases
with di↵erent energy densities.
It is already known that in the presence of such a first-order phase boundary there will
be a stable connected branch of hybrid stars if the energy density discontinuity
transition is less than a critical value

" at the

"crit (Eq. (3.2)) which depends only on the ratio

of pressure to nuclear matter energy density at the transition. We confirmed this result
and investigated the conditions for the occurrence of a disconnected hybrid branch, and the
visibility of the hybrid branches. To study these properties of hybrid stars we used a fairly
generic parameterization (CSS) of the quark matter EoS at densities beyond the transition,
and came to the following conclusions.
1) Even if there is no connected hybrid star branch, there may be a disconnected one if
the transition density is low enough and the speed of sound is high enough so that the
nuclear mantle can be supported by a large enough quark matter core, and the energy
density discontinuity is large enough so that a medium-sized core has insufficient pressure
to support the nuclear mantle (see Fig. 3.3).
2) The phase diagram for disconnected hybrid star branches is largely determined by the
parameters of the QM EoS, ptrans /"trans ,

"/"trans , and c2QM . It is not very sensitive to the

detailed form of the nuclear matter EoS.
3) Even if, according to the standard criterion (3.2), a connected hybrid branch is present, it
may be so short as to be very hard to detect by measurements of the mass and radius of the
star (see Fig. 3.5). When a disconnected branch is present, the connected branch is either
absent or very small.
4) We confirmed that the relationship (3.3) between the maximum mass of a star and its
central energy density, which was proposed in Ref. [7], holds for hybrid stars (see Fig. 3.7).
5) We found that it is possible to get heavy hybrid stars (more than 2 M ) for reasonable
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parameters of the quark matter EoS. It requires a not-too-high transition density (ntrans ⇠
2n0 ), low enough energy density discontinuity

" . 0.5"trans , and high enough speed of

sound c2QM & 0.4). It is interesting to note that free quark matter would have c2QM = 1/3,
and a value of c2QM that is well above 1/3 is an indication that the quark matter is strongly
coupled. For a sti↵ nuclear matter EoS such as NL3 it was somewhat easier to make heavy
hybrid stars. Details are presented in Fig. 3.8. Our findings provide a generic formulation of
the results found in previous calculations for specific models of quark matter, e.g., [84, 76],
which found that in the absence of theoretical or experimental constraints on the quark
matter EoS, one can fairly easily vary the unknown parameters of that EoS to obtain heavy
hybrid stars. For now, it seems clear that without theoretical advances that constrain the
form of the quark matter EoS, measurements of gross features of the M (R) curve such as the
maximum mass will not be able to rule out the presence of quark matter in neutron stars.
Our overarching message is that the generic CSS parameterization of the quark matter EoS
(also used in Ref. [77]) provides a general framework for comparison and empirical testing
of models of the quark matter EoS. Any particular model can be characterized, at least at
densities that are not too far from the transition, in terms of its values of the parameters
ptrans /"trans ,

"/"trans , and c2QM , and its predictions for hybrid stars will follow from these

values, which determine its position in the phase diagram (Fig. 3.3). If the form of the nuclear
matter EoS were established then measurements of the M (R) relation of neutron stars could
be directly expressed as constraints on the values of our quark matter EoS parameters.
The CSS parameterization relies on the assumption of a density-independent speed of sound,
which is a useful starting point for general comparisons between quark matter models, as
well as providing specific examples of quark matter equations of state that can yield heavy
hybrid stars (Fig. 3.8). If observations of M (R) for heavy stars turned out to be inconsistent
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with this parameterization, or if theorists were able to show that the speed of sound in quark
matter has significant density dependence, then this approach could be further generalized
(at the penalty of introducing more parameters) to allow for that, and to allow for mixed or
percolated phases as noted in Refs. [75, 76].
Finally, it would be valuable to extend the work reported here by studying rotating hybrid
stars using the CSS parameterization. It is interesting to note that a study of a wide range
of quark matter EoSs [97] found that the topology of the hybrid branch was not a↵ected by
rotation.
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Chapter 4
Constraining and applying a generic
high-density equation of state
There are many models of matter at density significantly above nuclear saturation density,
each with their own parameters. In studying the equation of state (EoS) of matter in this
regime it is therefore useful to have a general parameterization of the EoS which can be
used as a generic language for relating di↵erent models to each other and for expressing
experimental constraints in model-independent terms. In this chapter we use the “Constant
Speed of Sound” (CSS) parameterization proposed in the previous chapter and show how
mass and radius observations can be expressed as constraints on the CSS parameters. Here
we analyze a specific example, where the high-density matter is quark matter described by
a model based on the Field Correlator Method (Sec. 4.3), showing how its parameters can
be mapped on to the CSS parameter space, and how it is constrained by currently available
observations of neutron stars.

70

4.1

Introduction

The CSS parameterization is applicable to high-density equations of state for which: (a)
there is a sharp interface between nuclear matter and a high-density phase which we will
call “quark matter”, even when (as in Sec. 4.2) we do not make any assumptions about its
physical nature; (b) the speed of sound in the high-density matter is pressure-independent for
pressures ranging from the first-order transition pressure up to the maximum central pressure
of neutron stars. One can then write the high-density EoS in terms of three parameters: the
pressure ptrans of the transition, the discontinuity in energy density

" at the transition, and

the speed of sound cQM in the high-density phase (See Eq. 3.1). As in the previous chapter,
we express the three parameters in dimensionless form, as ptrans /"trans ,

"/"trans (equal to

1 in the notation of Ref. [5]) and c2QM , with "trans = "NM (ptrans ).
In Sec. 4.2 we show how the CSS parameterization is constrained by observables such as
the maximum mass Mmax , the radius of a maximum-mass star, and the radius R1.4 of a star
of mass 1.4 M . In Sec. 4.3 we describe a specific model, based on a Brueckner-HartreeFock (BHF) calculation of the nuclear matter EoS and the Field Correlator Method (FCM)
for the quark matter EoS. We show how the parameters of this model map on to part of
the CSS parameter space, and how the observational constraints apply to the FCM model
parameters. Sec. 4.4 gives our conclusions.

4.2

Constraining the CSS Parameters

Once a nuclear matter EoS has been chosen, any high-density EoS that is well-approximated
by the CSS parameterization can be summarized by giving the values of the three CSS
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parameters, corresponding to a point in the phase diagram. We then know what sort of
hybrid branches will be present (Sec. 3.3).

4.2.1

Maximum mass of hybrid stars
property
saturation baryon density n0 (fm 3 )
binding energy/baryon E/A (MeV)
compressibility K0 (MeV)
symmetry energy S0 (MeV)
L = 3n0 [dS/n]n0 (MeV)
max mass of star (M )
radius of the heaviest star (km)
radius of M = 1.4 M star (km)

BHF, Av18
DBHF,
+ UVIX TBF Bonn A
0.16
0.18
-15.98
-16.15
212.4
230
31.9
34.4
52.9
69.4
2.03
2.31
9.92
11.26
11.77
13.41

Table 4.1: Calculated properties of symmetric nuclear matter for the BHF and DBHF nuclear
equations of state used here. BHF is softer, DBHF is sti↵er.
In Fig. 4.1 we show how mass measurements of neutron stars can be expressed as constraints
on the CSS parameters. Each panel shows dependence on ptrans /"trans and

"/"trans for fixed

c2QM , as in the left panel of Fig. 3.3. The region in which the transition to quark matter
would occur below nuclear saturation density (ntrans < n0 ) is excluded (hatched band at left
end) because in that region bulk nuclear matter would be metastable. There is also an upper
limit on the transition pressure, which is the central pressure of the heaviest stable nuclear
matter star. This depends on the hadronic EoS that had been assumed.
The contours show the maximum mass of a hybrid star as a function of the EoS parameters.
The region inside the M = 2 M
mass is less than 2 M

contour corresponds to EoSes for which the maximum

so it is shaded to signify that this region of parameter space for
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the high-density EoS is excluded by the observation of a star with mass 2 M [8]. For highdensity EoSes with c2QM = 1 (right hand plots), this region is not too large, and leaves a good
range of transition pressures and energy density discontinuities that are compatible with the
observation. However, for high-density matter with c2QM = 1/3 (left hand plots), which is
the typical value in many models (See Sec. 2.1), the Mmax > 2 M constraint eliminates a
large region of the CSS parameter space [101, 102]. We discuss this in more detail below.
The upper plots in Fig. 4.1 are for a sti↵er nuclear matter EoS, Dirac-Brueckner-Hartree-Fock
(DBHF)[103], and the lower plots are for a softer nuclear matter EoS, Brueckner-HartreeFock (BHF) [104]. Properties of these nuclear matter EoSes are given in table 4.1. As one
would expect, the sti↵er EoS gives rise to heavier (and larger) stars, and therefore allows a
wider range of CSS parameters to be compatible with the 2 M measurement.
In Fig. 4.1 the dot-dashed (red) contours are for hybrid stars on a connected branch, while the
dashed (blue) contours are for disconnected branches. As discussed in Sec. 3.3, when crossing
the near-horizontal boundary from region C to B the connected hybrid branch splits into a
smaller connected branch and a disconnected branch, so the maximum mass of the connected
branch smoothly becomes the maximum mass of the disconnected branch. Therefore the red
contour in the C region smoothly becomes a blue contour in the B and D regions. When
crossing the near-vertical boundary from region C to B a new disconnected branch forms, so
the connected branch (red dot-dashed) contour crosses this boundary smoothly.
In each panel of Fig. 4.1, the physically relevant allowed region is the white unshaded region.
If, as predicted by many models, c2QM . 1/3, then the existence of a 2 M star constrains
the other CSS parameters to two regions of parameter space (unshaded regions on the left
and right sides of the two left panels of Fig. 4.1). In the left-hand region the transition
occurs at a fairly low density ntrans . 2n0 . The region B, where connected and disconnected
73

hybrid star branches can coexist, is excluded for c2QM 6 1/3, and even for larger c2QM it is
only allowed if the nuclear matter EoS is sufficiently sti↵. In the right-hand allowed region
the transition pressure is high, and the connected branch (red dot-dashed) contours are,
except at very low

", almost vertical, corresponding to EoSes that give rise to a very small

connected hybrid branch which exists in a very small range of central pressures pcent just
above ptrans . The maximum mass on this branch is therefore very close to the mass of the
purely-hadronic matter star with pcent = ptrans . The mass of such a purely hadronic star is
naturally independent of parameters that only a↵ect the quark matter EoS, such as

" and

c2QM , so the contour is vertical. These hybrid stars have a tiny core of the high density phase
and cover a tiny range of masses, of order 10

4.2.2

3

M or less, and so would be very rare.

Minimum radius of hybrid stars

In Fig. 4.2 we show contour plots of the radius of the maximum-mass star (on either a
connected or disconnected hybrid branch) as a function of the CSS quark matter EoS parameters. Since the smallest hybrid star is typically the heaviest one, this allows us to infer
the smallest radius that arises from a given EoS.
The layout is as in Fig. 4.1: each panel shows dependence on ptrans /"trans and

"/"trans for

fixed c2QM ; the plots on the left are for c2QM = 1/3 and the plots on the right are for c2QM = 1;
the plots on the top are for the sti↵er DBHF nuclear matter EoS, while the lower plots are
for the softer BHF nuclear matter EoS. As in Fig. 4.1, the region that is eliminated by the
observation of a 2 M star is shaded in grey.
The smallest stars, with radii as small as 9 km, occur when the high-density phase has the
largest possible speed of sound c2QM = 1. They are disconnected branch stars arising from
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EoSes having a low transition pressure (ntrans . 2n0 ) with a fairly large energy density
discontinuity ( "/"trans & 1).
As in Fig. 4.1, the contours in the high-transition-pressure region are almost vertical because
the hybrid branch is then a very short extension to the nuclear mass-radius relation, and its
radius is close to that of the heaviest purely hadronic star, which is independent of

"/"trans

and c2QM . The radius of the hybrid stars decreases with ptrans in this region, because the
radius of hadronic stars decreases with central pressure.
For c2QM = 1/3, the allowed low-transition-pressure region is disconnected from the hightransition pressure region and is so small that it is hard to see on this plot. By magnifying
it (left hand plots of Fig. 4.4) we see that in this region the radius contours closely track the
border of the allowed region (the Mmax = 2 M line) so we can say that the radius must be
greater than 11.5 km almost independent of the transition pressure and hadronic EoS. For
a sti↵ hadronic EoS this minimum is raised to 11.7 km. These values are comparable to the
minimum mass of about 11.8 km found in Ref. [102], which explored a larger set of hadronic
EoSes but did not explore the full CSS parameter space for the high-density EoS. If a star
with radius smaller than this minimum value were to be observed, we would have to conclude
that c2QM is greater than 1/3. In the magnified figure we also show how the excluded region
would grow if a 2.1 M star were to be observed (long-dashed line for connected branch stars
and short-dashed line for disconnected branch stars). This would increase the minimum
radius to about 12.1 km for the soft hadronic EoS and 12.2 km for the sti↵ hadronic EoS.
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4.2.3

Typical radius of hybrid stars

In Fig. 4.3 we show contours (the U-shaped lines) of typical radius of a hybrid star, defined
as R1.4 , the radius of a star of mass 1.4 M , as a function of the CSS quark matter EoS
parameters. The contours only fill the part of the CSS parameter space where there are
hybrid stars with that mass. The dashed (magenta) lines delimit that region which extends
only up to moderate transition pressure.
The overall behavior is that, at fixed

"/"trans , the typical radius is large when the transition

density is at its lowest. As the transition density rises the radius of a 1.4 M star decreases
at first, but then increases again. This is related to the previously noted fact [105] that when
one fixes the speed of sound of quark matter and increases the bag constant (which increases
ptrans /"trans and also varies

"/"trans in a correlated way) the resultant family of mass-radius

curves all pass through the same small region in the M -R plane: the M (R) curves “rotate”
counter-clockwise around this hub (see Fig. 2 of Ref. [105]). In our case we are varying
ptrans /"trans at fixed

"/"trans , so the hub itself also moves. At low transition density the hub

is below 1.4 M , so R1.4 decreases with ptrans /"trans . At high transition density the hub is at
a mass above 1.4 M so R1.4 will increase with ptrans /"trans .
The smallest stars occur for c2QM = 1 (right hand plots), where R1.4 & 9.5 km at large values
of the energy density discontinuity, and the radius rises as the discontinuity is decreased.
This is consistent with the absolute lower bound of about 8.5 km [106] for the maximally
compact c2QM = 1 star obeying Mmax > 2 M .
For c2QM = 1/3 the allowed region at low transition pressure is small, so in the right panels of
Fig. 4.4 we show a magnification of this region. We see that in the allowed (Mmax > 2 M and
ntrans > n0 ) region there is a minimum radius 12.2 km for the BHF (soft) hadronic EoS, and
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about 12.5 km for the DBHF (sti↵) hadronic EoS. This minimum is attained at the lowest
possible transition density, ntrans ⇡ n0 . As the transition density rises to values around 2 n0 ,
the minimum radius rises to 12.5 km (BHF) or 13.3 km (DBHF). This is comparable to the
minimum radius of about 13 km found in Ref. [102], which explored a wider range of hadronic
EoSes but assumed ntrans = 2n0 . These results are consistent with the lower bound on R1.4
for c2QM = 1/3 of about 11 km established in Ref. [106] (Fig. 5) using the EoS that yields
maximally compact stars (corresponding to CSS with ptrans = 0 and c2QM = 1/3) obeying
Mmax > 2 M .
The dashed line shows how the excluded region would grow if a star of mass 2.1 M were
to be observed. This would increase the minimum radius to about 12.7 km (BHF) or 13 km
(DBHF). If a 1.4 M star were observed to have radius below the minimum value, one would
have to conclude, similarly to [102], that c2QM > 1/3.

4.2.4

Maximum mass vs. typical radius

Following Ref. [107], in Fig. 4.5 we characterize each CSS EoS by the maximum mass Mmax
and the radius R1.4 of a 1.4 M

star on its mass-radius relation. We can then see which

areas of the R1.4 -Mmax plane can be populated by hybrid stars arising from typical nuclear
EoS combined with the CSS family of quark matter EoSes. Along each curve the transition
density is fixed and we vary

"/"trans .

Each of the monotonic curves in Fig. 4.5 represents a family of CSS EoSes with fixed transition density, and varying

"/"trans . As we increase

"/"trans , the maximum mass on a

connected branch (solid curve) decreases until it smoothly becomes the maximum mass on
a disconnected branch (dashed curve) at the long-dashed (green) line, which corresponds to
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the nearly-horizontal phase boundary between region B and region C in the phase diagram
Fig. 3.3. For higher transition densities the whole curve is dashed, because in that case any
mass-radius curve that includes a 1.4 M hybrid star will always have its heaviest star on
the disconnected branch.
The thin vertical (red) line is where the transition pressure has risen so high that it is equal
to the central pressure of a nuclear matter star with a mass of 1.4 M (at ntrans = 2.365 n0 ).
Note that at higher transition pressures, although on the connected branch hybrid stars are
always above 1.4 M , a 1.4 M hybrid star on the disconnected branch can still exist (see
contours in upper panels of Fig. 4.5, where the whole curve is dashed for ntrans > 2.365 n0 ).
On the lower panels we show contours for EoSes that can give hybrid stars on both connected
branch (solid curves on the right) and disconnected branch (dashed curves on the left), at
transition densities very close to but below the central density of a nuclear matter star with a
mass of 1.4 M (ntrans < 2.365 n0 ). From these plots we can see that with the same maximum
mass, radii for 1.4 M hybrid stars on connected/disconnected branches can di↵er by from
0.1 to 0.4 km.
Each plot in Fig. 4.5 contains a black horizontal line at Mmax = 2 M , so all EoSes that
lie below that line are observationally ruled out. If c2QM . 1/3 (see left plots), the range
of radii for 1.4 M hybrid stars is limited to the vicinity of the purely-hadronic star with
mass 1.4 M . This is another way of illustrating the lower limit R > 12.5 km found in
Sec. 4.2.3 for the DBHF nuclear EoS. If c2QM = 1 (right hand plots) the range of possible
radii is somewhat bigger, R > 9.5 km, compatible with the radius value tracking along the
Mmax = 2 M boundary in Fig. 4.3, upper-right panel.
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4.3
4.3.1

Quark Matter via the Field Correlator Method
The FCM EoS

The approach based on the Field Correlator Method (FCM) provides a natural treatment of
the dynamics of confinement in terms of the Color Electric (DE and D1E ) and Color Magnetic
(DH and D1H ) Gaussian correlators, the former being directly related to confinement, so that
its vanishing above the critical temperature implies deconfinement [108]. The extension of
the FCM to finite temperature T at chemical potential µq = 0 gives analytical results in
reasonable agreement with lattice data, giving us some confidence that it correctly describes
the deconfinement phase transition [109, 110]. In order to derive an EoS of the quark-gluon
matter in the range of baryon density typical of the neutron star interiors, we have to extend
the FCM to non-zero chemical potential [109, 110]. In this case, the quark pressure for a
single flavor is simply given by

1
Pq /T = 2
⇡
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with ⌫ = mq /T , and V1 is the large distance static qq potential whose value at zero chemical
potential and temperature is V1 (T = µB = 0) = 0.8 to 0.9 GeV [111, 112]. The gluon
contribution to the pressure is
8
Pg /T = 2
3⇡
4
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d
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0
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and the total pressure is

Pqg =

X

Pqj + Pg

(11

j=u,d,s

2
N )
3 f

32

G2
2

(4.4)

where Pqj and Pg are given in Eq. (4.1) and (4.3), and Nf is the number of flavors. The
last term in Eq. (4.4) corresponds to the di↵erence of the vacuum energy density in the
two phases, G2 being the gluon condensate whose numerical value, determined by the QCD
sum rules at zero temperature and chemical potential, is known with large uncertainty,
G2 = 0.012 ± 0.006 GeV4 . At finite temperature and vanishing baryon density, a comparison
with the recent available lattice calculations provides clear indications about the specific
values of these two parameters, and in particular their values at the critical temperature
Tc . Some lattice simulations suggest no dependence of V1 on µB , at least for very small
µB , while di↵erent analyses suggest a linear decreasing of G2 with the baryon density ⇢B
[113], in nuclear matter. However, for simplicity, in the following we treat both V1 and G2
as numerical parameters with no dependence on µB .

4.3.2

The FCM EoS and the CSS parameterization

The CSS parameterization will be applicable to the FCM EoS if the speed of sound in the
FCM EoS depends only weakly on the density or pressure. In Fig. 4.6 we show that this is
indeed the case. The upper panel shows the speed of sound vs. pressure in the FCM quark
matter EoS for di↵erent values of the FCM parameters, displayed in the lower panel. We
see that the speed of sound varies by less than 5% over the considered range of pressures
along each curve, and lies in the interval 0.28 < c2QM < 1/3. The value of c2QM shows a weak
dependence on V1 and extremely weak on G2 , which appears as an additive constant in the
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quark matter EoS according to Eq. (4.4). The transition pressure is more sensitive to the
FCM parameters, increasing rapidly with V1 and with G2 . The energy density at a given
pressure increases slightly with an increase in V1 or G2 .
To illustrate how well the CSS parameterization fits the FCM EoS, we show in the lower
panel of Fig. 4.6 that, for the same FCM parameter choices, we can always find suitable
values of the CSS parameters which fit the FCM calculation extremely well. This means
that there exists a well-defined mapping between the FCM parameters (V1 , G2 ) and the CSS
parameters (ptrans /"trans ,

"/"trans , c2QM ). Note that the mapping depends on the EoS of the

hadronic matter.
The mapping is displayed in Fig. 4.7, which shows the region of the CSS parameter space
where FCM equations of state are found. As in the phase diagrams in Sec. 4.2, we show
the plane whose co-ordinates are the CSS parameters

"/"trans and ptrans /"trans . For the

hadronic EoS we use BHF (left panel) and DBHF (right panel). The lines without points
represent the phase boundaries, as for the figures in Sec. 4.2, for connected and disconnected
branches. Whether a given FCM EoS yields stable hybrid stars depends on which of those
phase regions it is in. The solid (green) phase boundary with a cusp at ptrans /"trans ⇡ 0.17
delimits the region with a disconnected branch for c2QM = 1/3, while the nearby dashed
(green) line is for c2QM = 0.28, so these span the range of c2QM relevant for the FCM, as
discussed in Fig. 4.6. It is evident that the dependence on c2QM is tiny and negligible for
practical purposes.
The thin dashed (black) line and the solid (black) line studded with circles delimit the
equations of state yielded by the FCM calculation. Within that region, the lines studded
with points show the CSS parameterization of the FCM quark matter EoS, where along each
line we keep V1 constant and vary G2 . Above that region, V1 would be negative which would
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correspond to a repulsive quark-quark interaction, and in any case could not give 2 M stars
(Fig. 4.8). Below that region, there would be no transition from hadronic to quark matter,
as explained below.
In Fig. 4.7, V1 varies from 0 up to the maximum value at which hybrid star configurations
occur, which is indicated by an (orange) cross. For the BHF case that value is V1 = 240 MeV,
G2 = 0.0024 GeV4 and for the DBHF case it is V1 = 255 MeV, G2 = 0.0019 GeV4 . Along
each FCM curve in Fig. 4.7 the parameter G2 starts at the minimum value at which there
is a phase transition from hadronic to FCM quark matter; at lower G2 the quark and the
hadronic pressures p(µ) do not cross at any µ. On each curve one point is labelled with
its value of G2 /(10

3

GeV4 ), and subsequent points are at intervals where G2 increases in

increments of 1 in the same units.
We observe that along each line of constant V1 , ptrans /"trans grows with G2 . This can be
explained by recalling the linear dependence of the quark pressure on G2 in Eq. (4.4), so that,
at fixed chemical potential, an increase of G2 lowers the quark pressure, making quark matter
less favorable, and shifting the transition point to higher chemical potential or pressure. This
was already discussed in Ref. [114] for BHF nuclear matter, and is equally applicable to
DBHF nuclear matter. Obviously if G2 becomes too small, the phase transition takes place
in a region of low densities where finite nuclei are present, and the homogeneous nuclear
matter approach becomes invalid.
The qualitative behavior of the curves of constant V1 can be understood in terms of the
Maxwell construction between the purely hadronic phase and the quark phase. The fact
that

✏/"trans goes through a minimum (which is always at ptrans /"trans ⇡ 0.1) as G2 is

increased at constant V1 can be understood from Fig. 2 of Ref. [114], which shows pressure
p as a function of baryon density n and the location of the hadron (BHF EoS) to quark
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(FCM EoS) transition when G2 is varied. The hadronic EoS is strongly curved, especially
at low pressure, while the FCM EoS is closer to a straight line. Consequently, the baryon
density di↵erence between the two phases at a given pressure has a minimum at densities
around 2 n0 , which corresponds to ptrans /"trans ⇡ 0.1. As G2 increases, the transition pressure
rises, scanning through this minimum. It follows that the energy density di↵erence also goes
through a minimum, because ✏ = µn

p, and p and µ are continuous at the transition, so

" = µ n. The DBHF hadronic EoS is very similar to BHF at low pressure, so the curves
have their minima at the same value of ptrans /"trans in both panels of Fig. 4.7.
We also see in Fig. 4.7 that an increase of V1 moves the curves slightly downward and to
the right. This is expected since V1 is a measure of the attractive interparticle strength, and
therefore it is inversely proportional to the pressure of the system, so the pressure decreases
as V1 is increased at fixed µ, and, as already discussed for the parameter G2 , a decrease
of the quark pressure raises ptrans . The role of V1 and G2 in the quark EoS discussed so
far, provides in the same way a qualitative understanding of c2QM in panel (a) in Fig.4.6,
although, as already noticed, the e↵ect in Fig. 4.7 of the change in c2QM is negligible.

4.3.3

Expected properties of mass-radius curves

By comparing Fig. 4.7 with Fig. 3.3 we can see that when combining FCM quark matter
with BHF (soft) nuclear matter, the physically allowed range of FCM parameter values yields
EoSes that are mostly in regions C and A, where there is no disconnected hybrid branch.
At the lowest transition densities the FCM EoS can achieve a large enough energy density
discontinuity to yield a disconnected branch (region D).
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For the DBHF (sti↵) nuclear EoS there is a wider range of values of V1 and G2 that give
disconnected branches, and some of them give simultaneous connected and disconnected
branches. This di↵erence can be understood in terms of the sti↵ness of the EoSes. A change
from a soft hadronic EoS (BHF) to a sti↵ one (DBHF) produces a steeper growth of the
hadronic pressure as a function of the baryon density. Referring again to Fig. 2 of Ref. [114],
this pulls the DBHF p(n) curve further away from the FCM curve, giving a larger di↵erence
in baryon density at given pressure, and hence, as noted above, a larger

". This is why

the curves for DBHF+FCM (right panel of Fig. 4.7) are shifted upwards along the

"/"trans

axis compared to the BHF+FCM curves (left panel of Fig. 4.7).
We can calculate the maximum mass of a hybrid star containing an FCM core as a function of
the FCM parameters, and then use the mapping described above to obtain the CSS parameter
values for each FCM EoS, producing a contour plot of maximum mass (Fig. 4.8) for BHF
(left panel) and DBHF (right panel) hadronic EoS. Given that the CSS parameterization is
a fairly accurate representation of the FCM EoS, one would expect this to be very similar
to the corresponding plot for CSS itself with c2QM = 1/3 (Fig. 4.1), and this is indeed the
case. The contours in Fig. 4.8 are restricted to the region corresponding to physically allowed
FCM parameter values, so they end at the edges of that region.
The triangular shaded area at the edge of each panel shows the region of the parameter
space that is accessible by the FCM and is consistent with the measurement of a 2 M , by
having hybrid stars of maximum mass greater than 2 M . The (orange) cross in each panel
of Fig. 4.7 is at the high-transition-pressure corner of that triangular area. The heaviest
BHF+FCM hybrid star has a mass of 2.03 M , and the heaviest DBHF+FCM hybrid star
has a mass of 2.31 M .
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As noted in Sec. 4.2.1, the hybrid stars in this physically allowed and FCM-compatible region
of the phase diagram lie on a very tiny connected branch, covering a very small range of
central pressures and masses and radii, and would therefore occur only rarely in nature.
These stars have very small quark matter cores (similarly see Figs.3.5 and 3.6), and their
mass and radius are very similar to those of the heaviest purely hadronic star, but there
could be other clear signatures of the presence of the quark matter core, such as di↵erent
cooling behavior.
The CSS parameterization has another region where heavy hybrid stars occur, at low transition pressure (see Fig. 4.1), but the FCM does not predict that the quark matter EoS could
be in that region.
To characterize the radius of FCM hybrid stars we cannot construct contour plots like Fig. 4.3
because, as we have just seen, the FCM predicts that only hybrid stars with mass very close
to the maximum mass are allowed. There are no FCM hybrid stars with mass around 1.4 M .
Instead, in Fig. 4.9 we show the range of radii of stars with a given maximum mass when
varying FCM parameters, for our two di↵erent hadronic EoSes. The right hand edge of
each shaded region traces out the mass-radius relation for hadronic stars with the corresponding hadronic EoS. The FCM hybrid stars form very small connected branches which
connects to the nuclear matter where the central pressure reaches the transition pressure
(See Sec. 4.2.1), so the hybrid stars do not deviate very far from the hadronic mass-radius
curve. Hence the shaded regions in Fig. 4.9 are narrow, especially in the observationally allowed (Mmax > 2 M ) region, which perfectly matches the prediction of CSS parametrization
on the maximum-mass star radius in the high transition-pressure region (see left panels of
Fig. 4.2). For BHF (soft) nuclear matter, the hadronic stars, and hence the hybrid stars, are
smaller because the nuclear mantle is more compressed by the self-gravitation of the star.
85

4.4

Conclusions

In this chapter we have shown how observational constraints on the mass and radius of hybrid
stars can be expressed in a reasonably generic model-independent way as constraints on the
parameters of the CSS parameterization of the high-density EoS. Our analysis assumed a
sharp transition from nuclear matter to a high-density phase such as quark matter, and
that the speed of sound in that phase is independent of the pressure. We found that the
observation of a 2 M star constrains the CSS parameters significantly. If, as predicted by
many models, c2QM . 1/3, then there are two possible scenarios.
Firstly, there is a low-transition-pressure scenario, where the transition to the high density
phase occurs at ntrans . 2n0 (unshaded region on the left side of the two left panels of
Figs. 4.1, 4.2, 4.3). In this scenario, the hybrid branch of the mass-radius relation will be
connected to the nuclear branch if the energy density discontinuity at the transition is less
than about 50%, otherwise it will be a separate “third family” or “twin star” disconnected
branch. In the c2QM . 1/3 and low-transition-pressure scenario there are strong constraints
on the radius of the star, as shown in Fig. 4.4. The radius of the maximum mass star (which
is typically the smallest possible star) must be greater than about 11.5 km, and the radius
of a 1.4 M star must be greater than about 12.2 km [106]. For a sti↵er hadronic EoS, these
minima are raised by about 0.15 to 0.3 km. If a neutron star of mass 2.1 M were observed
then this constraint would tighten, increasing the minimum radius to about 12.1 km. If
a star smaller than the minimum radius were observed, we would have to conclude that
c2QM > 1/3. Conversely, if theoretical considerations established that c2QM is smaller than
1/3, the minimum radius would become larger [102].
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Secondly, there is a high-transition-pressure scenario (white region on the right side of the
left panels of Figs. 4.1, 4.2, 4.3). This tends to give a very small branch of hybrid stars
with tiny quark matter cores, occuring in a narrow range of central pressures just above the
transition pressure. This is why the mass and radius contours become almost vertical in this
region: the hybrid star has almost the same mass and radius as the heaviest purely hadronic
star (the one where the central pressure is ptrans ), and so the properties of these hybrid stars
depend on the hadronic EoS (see Fig. 4.9).
If c2QM is larger than 1/3 then a larger region of the CSS parameter space becomes allowed.
The right panels of Figs. 4.1, 4.2, 4.3 show the extreme case where c2QM = 1. In this case the
minimum possible radius is 9.0 km.
Our study is intended to motivate the use of the CSS parameterization as a framework
in which the implications of observations of neutron stars for the high-density EoS can be
expressed and discussed in a way that is reasonably model-independent [115, 116].
As an application to a specific model, we performed calculations for the FCM quark matter
EoS. We showed that the FCM equation of state can be accurately represented by the CSS
parameterization, and we displayed the mapping between the FCM and CSS parameters. We
found that FCM quark matter has a speed of sound in a narrow range around c2QM = 0.3, and
the FCM family of EoSes covers a limited region of the space of all possible EoSes (Fig. 4.7).
Once the observational constraint Mmax > 2 M is taken into account, the allowed region in
the parameter space is drastically reduced to the shaded areas of Fig. 4.8. This corresponds
to the high-transition-pressure scenario, with a small connected branch of hybrid stars with
tiny quark matter cores. Such stars would be hard to distinguish from hadronic stars via
mass and radius measurements, but the quark matter core could be detectable via other
signatures, such as cooling behavior.
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Figure 4.1: Contour plots showing the maximum hybrid star mass as a function of the
CSS parameters of the high-density EoS. Each panel shows the dependence on the CSS
parameters ptrans /"trans and "/"trans . The left plots are for c2QM = 1/3, and the right plots
are for c2QM = 1. The top row is for a DHBF (sti↵) nuclear matter EoS, and the bottom row is
for a BHF (soft) nuclear matter EoS. The grey shaded region is excluded by the measurement
of a 2 M star. The hatched band at low density (where ntrans < n0 ) is excluded because
bulk nuclear matter would be metastable. The hatched band at high density is excluded
beause the transition pressure is above the central pressure of the heaviest stable hadronic
star.
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Figure 4.2: Contour plots showing the radius of the maximum-mass star as a function of
the CSS parameters. Dashed lines are for the case where this star is on the disconnected
branch; for dot-dashed lines it is on the connected branch. The grey shaded region is
excluded by the measurement of a 2 M star. The hatched band at low density (where
ntrans < n0 ) is excluded because bulk nuclear matter would be metastable. The hatched
band at high density is excluded beause the transition pressure is above the central pressure
of the heaviest stable hadronic star. For a magnified version of the low-transition-pressure
region for c2QM = 1/3, see Fig. 4.4.

89

Figure 4.3: Contour plots similar to Fig. 4.2 showing the radius at of a hybrid star of mass
M = 1.4 M as a function of the CSS parameters. Such stars only exist in a limited region
of the space of EoSes (delimited by dashed (magenta) lines). The grey shaded region is
excluded by the observational constraint Mmax > 2 M . For a magnified version of the
low-transition-pressure region for c2QM = 1/3, see Fig. 4.4.
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Figure 4.4: Magnified version of the c2QM = 1/3 plots in Figs. 4.2 and 4.3. In the two left
panels, the contours are for the radius of the maximum mass star, which is typically the
smallest star for the given EoS. In the two right panels, the contours are for R1.4 , the radius
of a 1.4 M star. The region under and to the left of the hatched bar is probably unphysical
because ntrans < n0 , and it was excluded (hatched band) in earlier figures. The grey shaded
region is excluded by the observational constraint Mmax > 2 M . The dashed line shows how
that region would grow if a 2.1 M star were observed.
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Figure 4.5: Contour plots showing how the maximum hybrid star mass and the radius for a
1.4 M star vary when two of the CSS parameters, the transition density and energy density
discontinuity, are varied. Shaded regions indicate where no 1.4 M hybrid star exists. In
the upper panels, EoSes below the horizontal lines (i.e. those with Mmax < 2 M ) are ruled
out by observation, and the vertical (red) lines mark the radius for a 1.4 M purely-hadronic
star. Lower panels are zoomed in on the encircled region in the upper panels, where EoSes
can give a 1.4 M hybrid star on both connected branch (solid curves on the right) and
disconnected branch (dashed curves on the left).
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Figure 4.6: The speed of sound c2QM (panel (a) ) is displayed vs. quark matter pressure for
several values of V1 (in MeV) and G2 (in GeV4 ). In panel (b), the FCM energy density is
represented by full symbols, whereas the full lines denote the CSS parameterization given
by Eq. (3.1).
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Figure 4.7: The mapping of the FCM quark matter model onto the CSS parameterization.
Results are obtained using the BHF (left panel) and DBHF (right panel) nuclear matter
EoS. The undecorated curves are the phase boundaries for the occurrence of connected and
disconnected hybrid branches (compare Fig. 3.3 and 4.1). The thin dashed (black) line and
the solid (black) line studded with circles delimit the region yielded by the FCM model.
Within that region, lines decorated with symbols give CSS parameter values for FCM quark
matter as G2 is varied at constant V1 (given in MeV). The (orange) cross denotes the EoS
with the highest ptrans , which gives the heaviest FCM hybrid star. See text for details.
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Chapter 5
Phase conversion dissipation in
multicomponent compact stars

5.1

Introduction

Unstable global oscillation modes [27] are of particular interest since they arise spontaneously
and grow until stopped by some saturation (nonlinear damping) mechanism. For neutron
stars, the most important example is r-modes [20, 4] since they are unstable in typical millisecond pulsars unless sufficient damping is present. Several mechanisms for the saturation
of the growth of unstable r-modes have been proposed [117, 118, 119, 120, 121, 122]. Although bulk viscosity has a nonlinear “suprathermal” regime [123, 124, 125], it has been
found that this becomes relevant only at very high amplitudes, and is probably pre-empted
by some other stronger mechanism [120].
The damping of mechanical oscillations of compact stars is a promising signature of the
phases of dense matter in their interior. The damping of density perturbations, described
locally by the bulk viscosity, is particularly important since it has been shown to vary greatly
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between di↵erent phases [126, 127, 123, 128, 129, 130, 131, 132, 133, 134, 135, 136, 137, 138].
In addition to the damping properties of bulk phases, the boundary between di↵erent phases
can also be relevant for dissipation. A well-known example is Ekman layer damping due
to shear forces at the boundary between a fluid and a solid phase [139]. In this chapter we
propose a dissipation mechanism that stems from the fact that pressure oscillations can cause
the interface between two phases to move back and forth, as the two phases are periodically
converted into each other. If the finite rate of this conversion produces a phase lag between
the pressure oscillation and the position of the interface, energy will be dissipated in each
cycle. We study the resultant damping for the case of a hybrid star with a sharp interface
between the quark core and the hadronic mantle, the same stellar configuration as discussed
in Chaps. 3 and 4, where the dissipation is due to quark-hadron burning at the interface.
However, the mechanism is generic and could be relevant for any star with an internal
interface between phases of di↵erent energy density.
In Sec. 5.2 we study a one-dimensional, simplified model describing two phases in a cylinder
separated by a sharp boundary moving in response to external oscillation in the context
of Newtonian gravity, and give the expression of the corresponding energy dissipation as a
function of the boundary velocity. In Sec. 5.3 we continue to apply the simple model result
to the more realistic case of r-mode oscillations in multicomponent stars, concerning the
periodically moving phase boundary gives rise to dissipation due to a phase lag between the
external pressure oscillation and the local response. In Sec. 5.4 we investigate the specific
case of a hadron-quark interface, analyze the underlying interconversion process and give
results of r-mode saturation amplitude, both numeric and analytic approximation, as well
as its range of validity. Finally the conclusions are given in Sec. 5.5 .
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5.2

Schematic Model for the Dissipation Due to Phase
Transformation

5.2.1

Two phases in a cylinder

As a step towards an analysis of the dissipation due to phase conversion in an inhomogeneous
multi-component star, we now construct a simplified version of the interface between di↵erent
layers in a gravitationally bound system. We calculate the energy dissipated in this system
when it is subjected to periodic compression and rarefaction.
Our toy system involves two incompressible phases, characterized by di↵erent densities of a
conserved particle species. We assume there is a first-order pressure-induced phase transition,
so the phases are separated by a sharp interface (“the phase boundary”) which, in long-term
equilibrium, is at the critical pressure pcrit , and that there are processes that can convert
each phase into the other at some finite rate. We consider a cylinder containing both phases
in a homogeneous (Newtonian) gravitational field, with a piston which can be moved parallel
to the direction of the field (Fig. 5.1). The high-density phase is deeper in the gravitational
potential than the low-density phase. The field produces a pressure gradient in the cylinder,
which can be shifted by moving the piston. This will cause the equilibrium position of the
interface to shift, but, crucially, depending on the speed of the conversion process, it may
take some time for the interface to move to its new equilibrium position. This causes the
response of the system (its volume or density) to lag behind the externally applied force,
resulting in dissipation. To calculate the energy dissipated per cycle, we simply calculate
the net p dV work done by the piston in one cycle.
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We assume that the equation of state of the two phases is linear,

p(µ) =

8
>
< µ nL

>
: µ nH

"L

(low density phase)

"H

(high density phase)

,

(5.1)

where µ is the chemical potential for the conserved particle number, and the two incompressible phases have fixed particle number densities nL and nH , and fixed energy densities
"L and "H . Later we use the fact that this is a valid approximation for any equation of state,
as long as the pressure oscillations are small enough.
In a Newtonian gravitational field the pressure is a function of x determined by
dp
=
dx

g" ,

(5.2)

where g is the gravitational acceleration, assumed to be independent of x. Eq. (5.2) has a
simple solution where the pressure varies linearly with x, with a fixed gradient g " in each
phase (see Fig. 5.2)
p(x) =

8
>
< pb
>
: pb

g"H (x

xb )

x < xb

g"L (x

xb )

x > xb

,

(5.3)

where xb is the position of the interface between the two phases (“the boundary”) and pb is
the pressure at the boundary. In long-term equilibrium, the boundary settles at its “ideal”
position, where pb is pcrit (see below).
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Figure 5.1: Toy model: two incompressible phases in a cylinder with piston, in a gravitational
field. An oscillation of the external pressure on the piston leads to interconversion of the
two phases, and hence movement of the piston.

5.2.2

External pressure oscillation

Assume that the external pressure on the piston varies periodically. When the pressure is
high, part of the low-density phase is driven to a pressure above pcrit and starts to convert
into the high density phase, and vice versa during rarefaction. The pressure at any given
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location and the position of the phase boundary therefore vary in time

p(x, t) = p̄(x) + p(x, t) ,

(5.4)

xb (t) = x̄b + xb (t) ,

(5.5)

where x̄b is the equilibrium position of the boundary and p̄(x) is the pressure profile in longterm equilibrium. The position of the boundary at a given moment depends on the previous
compression history and the phase conversion rate, and we expect that, because of the finite
rate of conversion between the two phases, the oscillation of the boundary can be out of
phase with the oscillation of the pressure, and this will lead to dissipation via net p dV work
being done in each cycle.
To calculate the dissipation, we need to relate the movement of the boundary to the applied pressure oscillation. We assume that the pressure in the low density phase oscillates
harmonically with amplitude

pL and frequency !, so pL (t) =

pL sin(!t).

In equilibrium, the piston is at x̄p with pressure p̄p . As part of the pressure oscillation the
piston moves
xp (t) = x̄p + xp (t) ,

(5.6)

and the pressure at the piston is

pp (t) = p̄p

g"L xp (t) +

pL sin(!t)

(5.7)

The movement of the piston and the movement of the phase boundary are connected by
particle number conservation inside the cylinder. The total particle number is Ntot =
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(xb (t)nH + (xp (t)

xb (t))nL ) S where S is the cross sectional area. Particle number conser-

vation Ntot = 0 gives

✓

xp (t) = x̄p + 1

nH
nL

◆

xb (t) .

(5.8)

We can now express the p dV work done by the piston in one cycle in terms of the movement
of the boundary xb induced by the pressure oscillation. In later sections we will study how
the boundary moves, expressing it as a function of the speed of the phase conversion process.
First, however, we define a useful concept, the “ideal boundary”.

5.2.3

Ideal position of the phase boundary

In discussing the motion of the boundary it is convenient to define an “ideal position” of
the boundary, xib . Since we are assuming that an external force imposes a specified timedependence of the pressure in the low-density phase, it is natural to define the ideal boundary
at time t to be the position the boundary would reach if we held pL fixed at its current
value and waited for phase conversion processes to equilibrate. Thus xib (t) is the solution
of pL (xib , t) = pcrit . Unlike the actual boundary, the ideal boundary is determined simply
by the instantaneous value of the applied pressure, with no dependence on previous history
or conversion rate. The position of the ideal boundary therefore oscillates in phase with the
pressure,
xib (t) =

xib sin(!t) ,

xib =

pL
g"L

(5.9)

and its velocity is 90 out of phase with its position
max
max
vib (t) = vib
cos(!t) , vib
= ! xib =
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! pL
.
g"L

(5.10)

For a harmonic pressure oscillation in the low-density phase the ideal boundary moves harmonically. Note however, that because of the discontinuity in energy density on the phase
boundary, the pressure oscillation cannot be simultaneously harmonic in both phases. It is
also worth noting that according to our definition xib (t) is not in general the place in the
cylinder where the pressure at time t is pcrit : these locations only coincide if the real phase
boundary occurs where the pressure is above pcrit .

5.2.4

Energy dissipation in one cycle

The net p dV work done by the piston in one cycle (0 6 t < ⌧ , ⌧ = 2⇡/!) is
W =

S

Z

⌧

pp (t)
0

dxp (t)
dt
dt

(5.11)

where pp is the pressure at the location of the piston, which is determined by the applied
oscillation of the piston, and xp is the position of the piston. The piston’s position depends
on the movement of the boundary xb (t) (5.8), so from Eq. (5.11) the energy dissipation in
one cycle is
W = S

✓

nH
nL

1

◆ ✓Z
+

Z

⌧

p̄p
0
⌧

0

d xb (t)
dt
dt

d xb (t)
pL sin(!t)
dt
dt

◆

(5.12)

The movement of the boundary is constrained by the detailed physics of the conversion
process, which determines how fast it can move at any given moment. For quark-hadron
conversion we will see that it obeys a di↵erential equation which expresses the fact that
the boundary’s maximum velocity depends on how far out of equilibrium the boundary is,
and whether it needs to move inward or outward to reach equilibrium. In e↵ect, the real
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boundary is always chasing the ideal boundary (which is its long run equilibrium position),
while the ideal boundary is a moving target, its sinusoidal movement linearly related to the
applied pressure oscillation, see Eqs. (5.7) and (5.9).
In Eq. (5.12) we see that the dissipation vanishes if the two phases have equal densities,
since then the movement of the phase boundary does not change the volume of the system,
so there is no associated p dV work.
To derive the dissipation we assumed that the pressure oscillation in the low density phase
is harmonic. Had we instead assumed that the pressure oscillation in the high density
phase is harmonic, then the energy dissipation would be slightly bigger, with a di↵erence
W/W '

5.3

"/"L , where

" is the energy density discontinuity at the interface.

R-mode Damping

We can now calculate the damping of a global oscillation mode in a hybrid star resulting
from the phase conversion mechanism. A comprehensive analysis of this problem requires the
detailed density oscillation of the global mode in a star with multiple components separated
by density discontinuities due to first order phase transitions. So far the profiles for global
oscillation modes have not been obtained for such a realistic model of a compact star. We
therefore estimate the dissipation from a piecewise model for the mode profile, using the
known form for a homogeneous star on either side of the phase boundary. We estimate
the error due to this simplified procedure below. Although the amplitude of the mode’s
density and pressure oscillation varies from place to place in the star, the simple model
sketched in Sec. 5.2 then applies locally for sufficiently small volume elements containing the
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interface between the two phases and the entire range over which it moves in response to the
oscillation.
Here we study the case of r-modes because they are unstable and a sufficiently powerful
damping mechanism is required to ensure that they saturate at a low enough amplitude so
that they do not spin down the fast rotating compact stars that we observe. The energy
density fluctuation for an m = 2 r-mode to leading order in the mode amplitude ↵ is [140]
"
=
"¯
where " = "
squared

r

"¯, Y32 (✓, ) =

⇣ r ⌘3
⇥
⇤
8
2 2
↵AR ⌦
Re Y32 (✓, )ei!t
189
R
1
4

q

105 2i
e
2⇡

(5.13)

sin2 ✓ cos ✓, and A is the inverse speed of sound

A⌘

@"
@p

(5.14)

evaluated at equilibrium. R is the radius of the star, ⌦ the rotational frequency of the star,
and ! is the r-mode frequency ! = 23 ⌦.
The r-mode involves flows that are dominantly angular rather than radial. At any moment
there is higher pressure in some regions of solid angle in the star, and lower pressure in
other regions. This means that globally the fraction of high or low pressure phase does not
change much over time. However, an r-mode will still lead to conversion between the phases,
since the low and high pressure regions are kilometers apart, so the gradients of pressure and
density in the angular directions are extremely small, and in an oscillation at kHz frequencies
there is not enough time for any response other than local movement of the boundary in
the radial direction. Therefore particle transformation is required in far-separated areas
despite the approximate global conservation of the amount of each of the two forms of
matter. The simple cylinder and piston model of Sec. 5.2 is a valid approximation for a
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small volume element that straddles the interface between the two phases. To use the results
from Sec. 5.2 we simply need to use the appropriate expression for the local gravitational
acceleration g. The general relativistic generalization of the Newtonian hydrostatic equation
is the Oppenheimer-Volko↵ (OV) equation [25] (Eq. 1.1).

5.3.1

Movement of the ideal boundary

We now calculate the dissipation of the energy of an r-mode in a star with a high density
core surrounded by a low density mantle. (In the next section we look at the case where the
phases are quark matter and hadronic matter.) We are interested in situations where phase
conversion dissipation becomes important in r-mode oscillations when their amplitude is still
fairly low (we will see in Sec. 5.4.4 that this may indeed happen), so we will assume p ⌧ p̄
in the region near the boundary. Therefore, we only need the EoS in a narrow pressure
range around the critical pressure. The EoS can be expanded to linear order analogous to
Eq. (5.1) so the pressure oscillation is given by

p=

"¯ "
.
A "¯

(5.15)

When " > 0, according to Eq. (5.13)–(5.15) the r-mode pressure oscillation in the low
density phase is
pL (r, ✓, , t) = "¯L (r)C(r)↵ sin2 ✓ cos ✓ cos(2 + !t)
where
C(r) ⌘

r

105 2 r3
⌦
756⇡ R
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(5.16)

(5.17)

The ideal (i.e. long-run equilibrium at given pressure) position of the boundary Rib , analogous
to xib in Sec. 5.2, is determined by the r-mode pressure oscillation in the low-density phase,
and therefore depends on the angular co-ordinates. If we write Rib = R̄b + Rib , where R̄b is
the equilibrium position of the phase boundary with no pressure oscillation, then from (1.1)
and (5.16)
Rib (t) =

pL
↵Cb
=
sin2 ✓ cos ✓ cos(2 + !t)
gb
dp/dr(R̄b )

(5.18)

where
gb ⌘ ge↵ (R̄b )
Cb ⌘ C(R̄b ) =

r

105 2 R̄b3
⌦
.
756⇡
R

(5.19)

and ge↵ (R̄b ) is the e↵ective gravitational acceleration at R̄b evaluated in the low-density
phase.
The oscillation amplitude of the ideal boundary position, as a function of latitude ✓ in the
star, is
| Rib | =

Cb ↵
| sin2 ✓ cos ✓|
gb

(5.20)

max
and the maximum value of the velocity of the ideal boundary vib
is

max
vib
=

5.3.2

Cb ↵!
| sin2 ✓ cos ✓|
gb

(5.21)

R-mode energy dissipation

We now calculate dW (✓, ), the energy dissipated during one oscillation cycle in a radially
oriented cylinder straddling the phase boundary, with an infinitesimal base area located at
a given spherical angle. Integrating this result over solid angle will give the total dissipation
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of the r-mode. Using Eqs. (5.12) and (5.18),

dW (✓, ) = dS

where

✓

nH
nL

1

◆

pL

Z

⌧

cos(2 + !t)
0

d Rb (t)
dt
dt

(5.22)

pL = gb "Lcrit | Rib |, and from Eq. (5.20)
pL = "Lcrit Cb ↵| sin2 ✓ cos ✓|

(5.23)

and dS = R̄b2 sin ✓d✓d . As discussed earlier, these estimates are based on an approximate rmode profile. To estimate the uncertainty due to this simplification we compare two idealized
cases, where the pressure oscillation is harmonic in the low density phase, and where it is
harmonic in the high-density phase. As discussed below Eq. (5.12) the di↵erence for an
infinitesimal volume element is of order

W/W '

"/"L which directly gives an estimate

for the uncertainty of the dissipation in the case of global r-modes. Typical density steps
at first order transitions in a compact star are less than a factor of two, but due to the
simplified model assumptions we make here our results should anyway be viewed as order of
magnitude estimates.

5.4

Hadron-Quark Conversion in a Hybrid Star

The damping mechanism that we have analyzed above is generic, and will operate in any
situation where there are two phases with a sharp interface. However, the amount of damping
depends crucially on how the interface between the two phases moves via conversion of one
phase into the other. To explore a realistic case, we estimate the boundary velocity for an
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interface between strange quark matter and nuclear matter in a hybrid star, and obtain an
estimate of the resultant r-mode saturation amplitude in this scenario.
There is existing literature, developed in the context of the strange matter hypothesis (that
strange quark matter is the true ground state at zero pressure) on the outward-moving
burning front that accompanies the transformation of a neutron star into a strange star [141,
142]. Hydrodynamical simulations of the burning process have been performed [143, 144] and
possible astrophysical observables (gamma-ray bursts, neutrino emissions and gravitational
waves, etc) have been discussed [145, 146]. Our situation is related to this work, but we
are interested in conversion of quark matter to nuclear matter as well as nuclear matter to
quark matter, since both processes occur as our burning front moves inwards and outwards
in response to an oscillation in the pressure.

5.4.1

Pressure and chemical potential at the interface

In equilibrium, both pressure and baryon chemical potential are continuous across the phase
boundary between nuclear and quark matter, and their values at the boundary are the critical
values at which the phase transition occurs (p = pcrit , µB = µcrit
B ). When the system is driven
out of equilibrium by global pressure oscillations, the phase boundary may temporarily be at
a di↵erent pressure because the conversion between nuclear and quark matter has a limited
rate. The boundary is then out of chemical equilibrium, and the baryon chemical potential is
no longer continuous at the boundary because baryon number cannot flow freely through the
boundary. On the timescale of chemical equilibration the pressure is still continuous because
it equilibrates at the speed of sound which is of order c. The burning front will move as
the phase with higher baryon chemical potential converts into the phase with lower baryon
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chemical potential. The situation is illustrated in Fig. 5.3. If the pressure at the boundary
is above the critical value (pb = p1 > pcrit ), the baryon number chemical potential in quark
N
matter is lower (µQ
1 < µ1 ). Nuclear matter (NM) is then converted into quark matter (QM)

and the front moves outwards. If the pressure at the boundary is below the critical value
(pb = p2 < pcrit ) the front moves in the opposite direction converting quark matter back into
nuclear matter.
As we will see below, when the boundary is out of chemical equilibrium, and moving to
reestablish that equilibrium, it has around it a NM

QM conversion region, where the

matter is out of beta equilibrium.
The chemical equilibration of quark matter can proceed via the nonleptonic channel u + s $
d + u and also the leptonic Urca channel d ! u + e + ⌫¯ and u + e ! d + ⌫. Following
Ref. [24], we neglect the Urca channel here for simplicity, but we discuss its potential impact
in Sec. 5.5. Nonleptonic beta-equilibration processes are driven by the chemical potential
µK , which couples to the imbalance between strange and down quarks; µK is zero in beta
equilibrated matter, but not in the conversion region,
µK ⌘ µd
nK =

1
(nd
2

µs ,

(5.24)

ns ) .

In the following sections we discuss how µK and µB vary in the conversion region when
the front is moving, in order to estimate the speed of the boundary in two half cycles of
oscillation, which determines the energy dissipation over the complete period.
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5.4.2

Conversion of nuclear matter into quark matter

To estimate the front speed in the NM ! QM transition when pb = p1 > pcrit , we use the
one-dimensional steady-state approximation used by Olinto [24] to analyze the conversion
of neutron matter into strange quark matter. This analysis is conveniently performed in the
rest frame of the boundary, where the boundary is at x = 0, neutron matter is at x < 0
and strange quark matter at x > 0. The transformation of neutron matter into strange
quark matter requires considerable strangeness production, which can only be accomplished
by flavor-changing weak interactions. The slow rate of weak interactions means that at the
front nuclear matter is converted in to some form of non-beta-equilibrated quark matter (with
µK 6= 0). In the conversion region behind the front there are flavor-changing non-leptonic
interactions and strangeness di↵usion. The weak interactions create strangeness and allow
µK to return to zero over a distance scale of order (DQ ⌧Q )1/2 where ⌧Q is the timescale of the
flavor-changing non-leptonic interactions and DQ is the di↵usion constant for flavor. The
di↵usion of strangeness towards the boundary and downness away from the boundary allows
the strange matter at the boundary to have a strangeness fraction di↵erent from that of the
nuclear matter which is undergoing deconfinement as the front moves.
In general, strangeness gradients could also exist in front of the boundary, as strangeness
could di↵use through the boundary, creating (or adding to) hyperons on the nuclear matter
side. However, following Ref. [24], we will assume that the front moves fast enough for this
e↵ect to be negligible, so µK = 0 everywhere ahead of the moving front, i.e. at x < 0. The
conversion region is then limited to x > 0, and can be characterized by µK (x), or equivalently
by the K-fraction parameter a(x) which decreases with increasing strangeness fraction

a(x) ⌘

nK (x) nQ
K
,
nQ
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(5.25)

where nQ is the baryon number density in equilibrated strange quark matter, and the K
?

Q
density is nQ
K at x = 0 and as x ! 1 it grows asymptotically to the constant value nK for

equilibrated strange quark matter. From now on for simplicity we always assume that there
are equal numbers of up, down and strange quarks in equilibrated quark matter (nQ
K = 0).
In equilibrated nuclear matter there are only up and down quarks (we assumed no hyperons
in front of the boundary), so nK = nd /2 = nN for x < 0.
The spatial variation of a (Fig. 5.4, right panel) is determined by the steady-state transport
equation, written in the rest frame of the boundary,
DQ a00

vN!Q a0

RQ (a) = (

RQ (a) = 0,

d!s

s!d )/nQ ,

(5.26)

where DQ is the flavor di↵usion coefficient, vN!Q the front speed and RQ (a) is the net rate
of flavor-changing weak interactions. The boundary conditions are
a(0 ) =

nN
⌘ aN ,
nQ

a(x ! 1) ! 0,

?

nQ
K
+
a(0 ) =
⌘ aQ ? ,
nQ

a0 (0+ ) =

vN!Q

✓

aN

aQ ?
DQ

◆

(5.27)
.

To understand the discontinuity in a(x) across the boundary, let us consider how the chemical
potentials vary in the conversion region. The left panel of Fig. 5.4 shows a schematic plot
in the (µB , µK ) plane. The parabolic-looking curve is the quark matter isobar for pressure
pb > pcrit . The square marked “N” is beta-equilibrated (µK = 0) nuclear matter at the
same pressure. The spatial variation in the conversion region, shown in the right panel of
Fig. 5.4, can then be mapped on the chemical potential space as follows. At x < 0 we have
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beta-equilibrated nuclear matter (N). At x = 0, where a(x) drops from aN to aQ? , µK jumps
to Q? , which is out-of-equilibrium quark matter with non-zero µK , but at the same pressure
as the nuclear matter. Then as we traverse the conversion region (increasing x), µK decays
to zero, finally arriving at equilibrated quark matter (Q). All of these configurations are
at the same pressure, based on the assumption that the thickness of the conversion region
is negligible when compared to the radius of the star. The arrows along the µK = 0 axis
show how µB varies as one moves larger distances through beta-equilibrated matter on either
side of the conversion region, with the pressure rising monotonically. The arrows above the
µK = 0 axis (blue online) show µB increasing as we move inwards through nuclear matter
until at N (µB = µN
B ) we reach the phase boundary. After traversing the phase boundary
and conversion region as described above, we are at Q, in beta-equilibrated quark matter at
lower µB , and as we move into the quark core, µB rises again (arrows below µK = 0 axis, red
online).
Olinto [24] argued that when the phase boundary is in a steady state of motion there is a
“pileup” of nuclear matter in front so that nuclear and quark matter have the same density
there, and the boundary has the same velocity relative to nuclear matter and quark matter,
i.e. the nuclear matter near the boundary is stationary relative to the quark matter. However,
we argue that this is not possible in steady state. When the phase boundary moves, part
of the star is transformed from lower density nuclear matter to denser quark matter, and
hydrostatic equilibrium requires the star to shrink. This means that in the outer parts of the
star the nuclear matter must fall inwards under gravity, so it is moving towards the quark
matter. If the inward velocity of the nuclear matter went to zero near the phase boundary,
this would require that the “pileup” grows with time, which is not a steady state situation.
Instead, we argue that the baryon number conservation condition is automatically fulfilled
because the weight of the outer region of the star pushes nuclear matter in to the front as fast
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as the front can “consume” it. The density of nuclear matter at the boundary is therefore
unchanged by the movement of the boundary, and the nuclear matter velocity takes the value
that is determined by baryon number conservation. As we saw in Eq. (5.12) this density
step at the phase boundary is crucial for phase-conversion dissipation to occur (aN < 1).
For a fixed value of aQ? , there is only one vN!Q which guarantees a solution to Eq. (5.26)
that satisfies the boundary conditions. To find the proper vN!Q , we apply the method in
[24], which analogizes Eq. (5.26) to a classical mechanical problem and solves for the correct
potential term, transforming the boundary value problem into an initial value problem.
Taking into account both subthermal (µK ⌧ T ) and suprathermal (µK

T ) regimes in the

weak rate, the analytical approximation for the front speed in the NM ! QM half cycle is
vN!Q '

s

DQ a4Q? + 2⌘Q a2Q?
⌧Q 2aN (aN aQ? )

(5.28)

where DQ is the di↵usion constant for flavor, ⌧Q is the timescale of non-leptonic flavorchanging interactions, and ⌘Q gives the ratio of subthermal to suprathermal rates. Eq. (5.28)
is a generalization of Eq. (12) in Ref. [24], which is only valid in the suprathermal regime.
As we will see later on, aQ? is much less than aN , therefore Eq. (5.28) becomes

vN!Q

1
'
aN

s

DQ q 4
aQ? + 2⌘Q a2Q?
2⌧Q
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(5.29)

The full rate for the non-leptonic strangeness-changing process has been computed in [147],
yielding
RQ (a) ' (a3 + ⌘Q a)/⌧Q ,
2

(5.30)

2

9⇡ T
,
µ2Q
✓
◆
128
2
2
2
5
=
G cos ✓c sin ✓c µQ
27 · 5⇡ 3 F

⌘Q =
⌧Q

(5.31)
1

,

where GF is the Fermi constant, ✓c the Cabibbo angle, and therefore ⌧Q ' 1.3⇥10

(5.32)

9

s (300 MeV/µQ )5 ;

to leading order the di↵usion coefficient (see Eqs. (28) and (36) in [148])
2/3

DQ '
where h =

⇡qD
24 ↵s2 h T 5/3

(5.33)

( 83 )⇣( 53 )(2⇡)2/3 ' 1.81, ↵s = g 2 /4⇡ is the QCD coupling constant, and the

2
Debye wave number for cold quark matter of three flavors is qD where qD
= 3g 2 µ2 /(2⇡ 2 ).

The temperature dependence T

5/3

comes from Landau damping that dominates for T ⌧ µ

compared to the Debye screened case D / T

2

.

Di↵erent values of aQ? give di↵erent front profiles corresponding to di↵erent front velocities.
There is an upper limit on aQ? which is constrained by the amplitude of external pressure
oscillation, and the argument is as follows.
In order for the boundary to move, it must be favorable for neutrons to turn in to quarks
at the boundary, so the total chemical potential per unit baryon number must be larger
in beta-equilibrated nuclear matter (N in Fig. 5.4) than in out-of-equilibrium quark matter
(Q? )

?

µN
B

>

?
µQ
B

?
nQ
+ K · µQ
K
n Q?
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(5.34)

On the isobar for quark matter, we parameterize the pressure at (µB , µK ) as an expansion
near equilibrium (Q)
Q
µQ
B ) + nK (µK

pQM (µB , µK ) = pQ + nQ (µB
+

where

Q
K

1
2

Q
K (µK

2
µQ
K ) + ...

µQ
K)
(5.35)

⌘ @nK /@µK is the susceptibility with respect to K-ness evaluated at equilibrium

(Q). In equilibrated quark matter, µQ
K = 0. Since the whole conversion region is at the same
?

pressure pQ? = pQ = pb , so solving for µQ
B we have
?
µQ
B

=

Q Q?
K µK

nQ
K
nQ

µQ
B

2 nQ

!

?

· µQ
K .

(5.36)

?

Q
Assuming that Q? is close to equilibrium, so that nQ
K ⇡ nK , nQ? ⇡ nQ , Eq. (5.34) becomes

µQ
B >

µN
B
?

Q
From Eq. (5.27), aQ? = nQ
K /nQ ⇡ µK

Q
K

?

amax
Q? =

s

µQ
K

2nQ

Q
K /nQ ,

aQ ?

⇣

?

⌘2

.

(5.37)

then Eq. (5.37) leads to an upper bound on

2 µB
nQ

Q
K

,

(5.38)

with
µB ⌘ µN
B
where p = pb

pcrit > 0 (Fig. 5.3) and

µQ
B ' (

1) p/nQ ,

(5.39)

⌘ nQ /nN = 1/aN . Notice that the derivation of

Eq. (5.38) is totally general and can also be applied to matter with nonzero nK at equilibrium
(see Sec. 5.4.3).
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The pressure oscillation is related to how far the real boundary is away from its ideal position
via
p = g b "N
crit xib (t)
where the ideal position xib (t) =

xb (t) ,

xib sin(!t), and the amplitude

(5.40)
xib =

pN /gb "N
crit

(see Eq. (5.9)). If we assume that the boundary is always moving at its maximum speed
(aQ? ⇡ amax
Q? ), then according to Eq. (5.29) and Eq. (5.38)–(5.40) the velocity of the boundary
in the NM ! QM half cycle is determined by
d xb
1
'
dt
aN
where z ⌘ xib

s

DQ
2⌧Q

q⇥

z/`Q

⇤2

+ 2⌘Q z/`Q

(5.41)

xb is how far the boundary is from its equilibrium position at the current

pressure, and `Q characterizes its typical length
(nQ / Q
K )nQ
`Q =
.
2(
1)gb "N
crit

5.4.3

(5.42)

Conversion of quark matter into nuclear matter

The conversion from quark matter to nuclear matter has not been analyzed previously because it does not arise if quark matter is absolutely stable. However, it can analogously be
described in terms of conversion and di↵usion behind the boundary, now on the hadronic side
where strangeness is carried by hyperons. There are various hyperons that could be present
in dense hadronic matter and correspondingly multiple weak reactions involving these hyperons. For an illustrative calculation we only consider one such process, n + n ! p + ⌃ , which
is a reasonable choice because ⌃ hyperons are expected to be among the first to appear
when nuclear matter is compressed, see e.g. [149]. For simplicity, we also neglect electrons
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in the system, which is admittedly not a good approximation, but we are only aiming to
provide an illustrative example. In this case

µK = 2µn
nK =

µp

1
(2nn
6

µ⌃
np

n⌃ ) .

(5.43)
(5.44)

Moving away from the boundary on the hadronic side, into the conversion region, the K
?

density is nN
K at x = 0 and as x !

1 it grows asymptotically to the nonzero constant value

nN
K ' nn /3 ⇡ nN /3 for equilibrated nuclear matter with ⌃ hyperons, where nN is the baryon
number density in equilibrated nuclear matter. As before we neglect strangeness conversion
ahead of the boundary, which is the quark matter region in this case. In equilibrated quark
matter we assume there are equal numbers of up, down and strange quarks, so nK = 0 for
x > 0.
As in Sec. 5.4.2 we define a parameter to characterize the deviation of the K fraction from
its equilibrium value,
nK (x) nN
K
nN

b(x) ⌘

(5.45)

and the steady-state transport equation for b(x) in the rest frame of the boundary is
DN b00
RN (b) = (

vQ!N b0

n+n!p+⌃

RN (b) = 0,

(5.46)

p+⌃ !n+n )/nN ,

(5.47)

where DN is the flavor di↵usion coefficient, vQ!N is the front speed for the QM ! NM
transition and RN (b) the strangeness-changing reaction rate divided by the baryon number
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density in nuclear matter. The boundary conditions are
?

b(0 ) =

nN
K

+

b(0 ) =

nN
K

nN

⌘ bN ? ,

nN
K
⌘ bQ ,
nN

b(x !
0

1) ! 0,

b (0 ) = vQ!N

✓

bQ

bN ?
DN

◆

(5.48)
.

The right panel of Fig. 5.5 shows how b(x) varies through the phase boundary and transition
region. The left panel of Fig. 5.5 shows schematically the behavior in the (µB , µK ) plane.
The short curve through N and N⇤ is the nuclear matter isobar for pressure pb < pcrit . The
dot marked “Q” is beta-equilibrated quark matter at the same pressure, which exists (see
right panel) at x = 0+ . The point N? is out-of-equilibrium nuclear matter which is found
just behind the boundary at x = 0 . The point N is beta-equilibrated nuclear matter, which
is found at the tailing end of the conversion region. All these forms of matter are at the
same pressure as long as thickness of the conversion region is much smaller than the radius
of the star. The arrows represent how the chemical composition changes as one moves from
the hadronic outer part of the star through the conversion region to the quark core. At the
Q
boundary µN
B < µB and µK in out-of-equilibrium nuclear matter is negative because of the

presence of massive hyperons.
Following the same logic as in the previous section, we find the analytic approximation for
the velocity of the boundary

vQ!N

s

DN b4N? + 2⌘N b2N?
⌧N 2bQ (bQ bN? )
r
q
|bN? |⌧|bQ |
1
DN
!
b4N? + 2⌘N b2N?
bQ 2⌧N
'
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(5.49)

where

bQ . 1/3. The full rate for the weak interaction has been computed in [130]
RN (b) ' (b3 + ⌘N b)/⌧N ,
⌘N =

4⇡ 2 T 2
n2N

(5.50)

N 2
K

(5.51)

and the time scale


2 G2F
⇤
⇤ ⌃ 2
⌧N =
cos2 ✓c sin2 ✓c m⇤2
n m p m ⌃ kF n N
5
3 · (2⇡)
where

N
K

3

1

,

(5.52)

is determined by the reduced symmetric and antisymmetric coupling constants with

typical value ⇠ 0.1 and
Both kF⌃ and

N
K

N
K

⌘ @nK /@µK is evaluated at nuclear matter in equilibrium (N).

are functions of nN , depending on the nuclear matter EoS. The timescale

for relevant weak interactions to happen in nuclear matter is much longer than that in quark
matter (Eq. (5.32)), because the baryons are non-relativistic and their densities are lower.
For typical transition densities in hybrid stars we studied, the ratio ⌧N /⌧Q is of order 102 .
To estimate the di↵usion coefficient DN ' 13 vN

N

we estimate vN by the Fermi velocity of

hyperons (vN ' vF⌃ = kF⌃ /m⇤⌃ ), and the mean free path by

N

' vF⌃ /⌫n⌃ , where ⌫n⌃ is the

hadron/hyperon collision frequency similar to the hadron/hadron collision frequency ⌫np (see
Eq. (55) of [150]). As a result,
2

DN '

m2n kF⌃
,
n
⌃
2
32 m⇤n m⇤4
⌃ T Sn⌃ (kF , kF )

(5.53)

where Sn⌃ is the e↵ective hadron/hyperon scattering cross section which we for simplicity
approximate by the proton/neutron cross section given in Eq. (58) of [150]. Given the
nuclear matter EoS, kF⌃ and Sn⌃ can be expressed in terms of the baryon density nN . The
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strangeness di↵usion coefficient in nuclear matter is typically much smaller than in quark
matter (Eq. (5.33)), because hadrons and hyperons are non-relativistic while quarks are
moving nearly at the speed of light and because the long-range interactions between the quark
interactions give the di↵erent temperature dependence DN /DQ / (T /µ)1/3 . At temperatures
relevant to neutron stars, this ratio is of order 10 2 .
The K-fraction in nuclear matter at the boundary with quark matter, bN? , is constrained by
how far out of equilibrium the boundary is. For the boundary to move towards its “ideal”
position the total chemical potential per baryon number in beta-equilibrated quark matter
(Q in Fig. 5.4) must be larger than that in the non-beta-equilibrated nuclear matter on
the other side of the boundary (N? ). Following the same logic as in Sec. 5.4.2 we obtain a
condition similar to Eq.(5.37)
?

From Eq. (5.48), bN? =

µQ
B

µN
B

nN
K /nN ⇡

µN
K

?

>
?

2

µN
K
2nN
N
K /nN ,

N
K

.

(5.54)

so Eq. (5.54) gives an upper bound on

bN? and hence on the front speed vQ!N

( bN? )max =
µB = µ Q
B

s

2 µB
nN

µN
B ' (

N
K

,

(5.55)

1) p/nQ ,

(5.56)

xib sin(!t)) .

(5.57)

where
p = g b "N
crit (xb (t)
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Assuming that the boundary moves at its maximum speed, ( bN? ) ⇡ ( bN? )max , the boundary velocity in the QM ! NM half cycle is
d xb
1
'
dt
bQ
where z ⌘ xb

r

DN
2⌧N

q⇥

z/`N

⇤2

+ 2⌘N z/`N

(5.58)

xib is how far the boundary is from its equilibrium position at the current

pressure, with the typical length

`N =

(nN / N
K )nQ
.
2(
1)gb "N
crit

(5.59)

Therefore with the periodic condition xb (t) = xb (2⇡/! + t), Eq. (5.41) and Eq. (5.58) fully
specify the movement of the phase boundary in response to the external pressure oscillation.
Next we compute the energy dissipation in this process and see whether it is capable of
saturating the r-mode.

5.4.4

Dissipated power and saturation amplitude

From Sec. 5.3.2 we know that during one cycle of an r-mode of amplitude ↵ the energy
dissipated in a radially oriented cylinder with an infinitesimal base area dS straddling the
phase boundary at (✓, ) is

dW (↵, ✓, ) = dS (

1) pN

Z

⌧

cos(2 + !t)
0

d Rb
dt
dt

(5.60)

where the position of the phase boundary Rb (t) is the same as xb (t) in Sec. 5.4.2 and
Sec. 5.4.3, which we assume to move at its maximal speed (see Eqs. (5.41) and (5.58)), and
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dS = R̄b2 sin ✓d✓d . From Eq. (5.23)
N
2
p N = g b "N
crit | Rib | = "crit Cb ↵| sin ✓ cos ✓|

(5.61)

Integrating Eq. (5.60) over solid angle gives the total dissipation of the r-mode in one cycle
of oscillation and hence the total power dissipated Pdis . The r-mode amplitude stops growing
(saturates) when this equals the power injected via back-reaction from gravitational radiation
Pgr .
As an illustrative example, Fig. 5.7 shows the dissipated power as a function of r-mode
amplitude for a hybrid star rotating with frequency f = 600 Hz, with quark core size R̄b /R =
0.56 and temperature T = 108 K. For the quark matter EoS we use the CSS parameterization
(Chap. 3) with ntrans = 4n0 ,

"/"trans = 0.2, and c2QM = 1. The hadronic matter EoS is

taken from Ref. [86].
In the subthermal regime, the dissipated power first rises with the r-mode amplitude ↵ as
↵3 at very low amplitude, before entering a resonant region with a maximum in Pdis /↵2 . At
high amplitude in the suprathermal regime, the dissipated power is proportional to ↵2 . The
power in gravitational radiation from the r-mode Pgr (Eq. (B.17)) rises as ↵2 , and is also
shown in Fig. 5.7 for this particular hybrid star. At low amplitude, the phase conversion
dissipation is suppressed relative to the gravitational radiation, and therefore plays no role
in damping the r-mode. If other damping mechanisms are too weak to suppress the r-mode,
its amplitude will grow. However, as the amplitude grows the phase conversion dissipation
becomes stronger, and in this example there is a saturation amplitude ↵sat at which it equals
the gravitational radiation, and the mode stops growing.
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Varying parameters such as the size of the quark matter core, rotation frequency or temperature of the star, etc, will shift the curves in Fig. 5.7, and if the phase conversion dissipation
is too weak then there will be no intersection point (Pgr will be greater than Pdis at all ↵) and
phase conversion dissipation will not stop the growth of the mode. However, we can see from
Fig. 5.7 that if saturation occurs, the resultant ↵sat is in the low-amplitude regime, where
an analytical approach is available, and the saturation amplitude is extraordinarily low, of
order 10

12

. This is typical of all model hybrid stars that we investigated. In Appendix

B we derive the analytical expression for the dissipated power in the low-amplitude regime
(dashed (black) line in Fig. 5.7), obtaining
sub
Pdis
(↵)

↵3
⇡
15

✓

105
756⇡

◆3/2

2 7 11
1 ("N
crit ) ⌦ R̄b
.
p̃N
gb R 3

(5.62)

This expression allows us to assess how the strength of phase conversion dissipation depends
on the various parameters involved. It is particularly sensitive to the size of the quark core,
and this will be important when considering a whole family of hybrid stars with di↵erent
central pressures and hence di↵erent core sizes.
The results of such an investigation are shown in Fig. 5.8, where the solid (red) curve gives
the numerically calculated saturation amplitude (↵sat in Fig. 5.7) as a function of the size
of the quark matter core as a radial fraction of the star, R̄b /R. To construct this curve
we used the hadronic and quark matter EoS of Fig. 5.7 and varied the central pressure,
yielding a family of di↵erent star configurations. As R̄b /R decreases, the dissipation power
Pdis decreases rapidly relative to the gravitational radiation Pgr . The relative shift in the two
corresponding curves in Fig. 5.7 leads to an upper limit on ↵sat when Pgr is tangent to Pdis .
max
This corresponds to the end of the solid curve in Fig. 5.8 at ↵sat
at the critical value of the
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quark core size, (R̄b /R)crit , below which the phase-conversion mechanism cannot saturate
the r-mode any more.
The black dashed curve in Fig. 5.8 is the low-amplitude analytical approximation Eq. (B.20)
to ↵sat ,
approx
↵sat

=

✓

◆
N 3
222 ⇡ 9/2
D̃N
gb3 M 2 J˜2 R9
K
G
33 · 55/2
⌧N nQ n3N b2Q
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◆ 1
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2 ⇥ 10 8 s
✓
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◆3 ✓ ◆3
N
bQ
nN
gb
K
⇥
2
1/3
2 n0
(100 MeV)
gu
!3 ✓
◆
✓
◆
3
2
"Q
"N
M
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1.4 M
2 "N
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0.4
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where DN ⌘ D̃N · T

2

D̃N
1.5 MeV3
◆ 4✓

(5.63)

(see Eq. (5.53)), and gu is the Newtonian gravitational acceleration at

Q
4
the phase boundary when the quark core has uniform density " = "Q
crit (gu ⌘ 3 ⇡G"crit R̄b ).

This approximation is very accurate when the the phase conversion damping is strong, but
it does not capture the sudden weakening of that dissipation when, for example, the core
radius becomes small. It is therefore useful to have some idea of its range of validity.

5.4.5

Range of validity of low-amplitude approximation

The range of validity of Eqs. (5.62) and (5.63) is found by calculating the next-to-leading
(NLO) contribution, and requiring that it be less than a fraction ✏ of the total dissipated

126

power. We find (see Appendix C) that the approximation is valid when
✓ ◆16
239 ⇡ 5 G2 gb M 4 J˜4 ⌦6 R
✏ > 12 4
2
3 5 (
1)2 ("N
R̄b
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2✓
✓
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gb
M
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!4 ✓
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f
R
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(5.64)

We see that the validity of the low-amplitude approximation is mainly determined by the
size of the quark matter core and the rotation frequency of the star.

5.5

Conclusions

In this chapter we have described how phase conversion in a multi-component compact star
provides a mechanism for damping density oscillations, via the phase lag in the response
of the interface between components of di↵erent baryon densities to the applied pressure
oscillation. The phase lag arises from the finite rate of interconversion between the phases,
which limits the speed with which the interface can move. We studied the case where the
two phases are separated by a sharp boundary (first-order phase transition) and analyzed
the movement of the interface in the approximation of a steady state, neglecting additional
acceleration e↵ects and complicated hydrodynamic e↵ects like turbulence. In particular, we
studied the astrophysically interesting case of the damping of r-mode oscillations [20, 4] in a
two-component star. We found that phase conversion dissipation does not a↵ect the r-mode
instability region, because it vanishes as ↵3 at low r-mode amplitude ↵. However, depending
on the values of relevant parameters, phase conversion dissipation can either saturate the
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r-mode at extremely low amplitudes, ↵sat . 10

10

in the explicit example of hadron-quark

transformation at the sharp quark-hadron interface in a hybrid star, or be insufficient to
saturate the r-mode at all. The reason for this behavior stems, analogously to the bulk
visocity [124], from the resonant character of the dissipation, which is relatively strong
when the time scale of the dissipation matches the time scale of the external oscillation
(see Fig. 5.7). Whether saturation is possible depends therefore on the microscopic and
astrophysical parameters, like in particular on the mass of the quark core which should not
be too small.
Our main result is (5.60), which must be evaluated using numerical solutions of (5.41) and
(5.58). We also give the low-amplitude analytic expressions for the power dissipated (5.62)
and the saturation amplitude (5.63) which are valid when the dissipation is sufficiently strong,
obeying (5.64) with ✏ ⌧ 1.
Our results have significant implications for astrophysical signatures of exotic high-density
phases of matter, such as quark matter. The observed data for millisecond pulsars is not
consistent with the minimal model of pulsars as stars made of nuclear matter with damping
of r-modes via bulk and shear viscosity [36]. Resolving this discrepancy requires either a new
mechanism for stabilizing r-modes, or a new mechanism for saturating unstable r-modes at
↵sat . 10

8

10

7

[151, 36, 152]. Previously proposed mechanisms have problems to achieve

this. Suprathermal bulk viscosity and hydrodynamic oscillations both give ↵sat ⇠ 1 [120,
117]. The non-linear coupling of the r-mode to viscously damped daughter modes could give
↵sat ⇠ 10

6

to 10

3

[153, 121]. The recently proposed vortex/fluxtube cutting mechanism

[122] might give sufficiently small saturation amplitudes but is present only at sufficiently low
temperatures T ⌧ Tc . 109 K, which could be exceeded by the r-mode (and/or accretion)
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heating [36]. One of the main results of this chapter is that phase conversion dissipation can
provide saturation at the required amplitude to explain millisecond pulsar data.
Secondly, due to the extremely low r-mode saturation amplitude of our proposed mechanism
hybrid stars would behave very di↵erently from neutron or strange stars. As discussed
in [36], if the known millisecond sources were hybrid stars then, for the low saturation
amplitudes that we have found, they would have cooled out of the r-mode instability region
quickly (in millions of years) so that they would have very low temperatures by now. In
contrast, in neutron stars r-modes would be present and would provide such strong heating
that the temperature of observed millisecond pulsars would be T1 ⇠ O(105

106 ) K [36].

This prediction assumes a (so far unknown) saturation mechanism that would saturate the
mode at a value ↵sat . 10

8

required by the pulsar data. This temperature is significantly

higher than what standard cooling estimates suggest for such old sources. The same holds
for strange quark stars where the enhanced viscous damping can explain the pulsar data,
but even in this case the star would spin down along the boundary of the corresponding
stability window which would keep it at similarly high temperatures. Measurements of or
bounds on temperatures of isolated millisecond pulsars provide therefore a promising way to
discriminate hybrid stars.
Our analysis considered only strangeness-changing non-leptonic processes when we discussed
the hadron-quark transformation as an example of phase conversion dissipation. However,
there are also leptonic processes that equilibrate the non-strange neutron-proton or up-down
ratio. For ordinary bulk viscosity in hadronic or quark matter these processes are only
relevant at temperatures far above the temperature of a neutron star because their rate
is parametrically smaller than the strangeness changing rate discussed here by a factor of
(T /µ)2 [127]. However, leptonic processes might play an important role in phase conversion
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dissipation because hadronic matter has more electrons and up quarks than quark matter,
so, just as for strangeness, there will be a conversion region behind the moving boundary
where conversion and di↵usion of up-ness is occurring. Taking this into account could change
the estimates given here and should be studied in more detail in the future.
As well as the quark-hadron interface in a hybrid star, any first-order phase transition that
leads to a sharp interface between two phases with di↵erent baryon densities could, via
the mechanism discussed here, cause dissipation of global pressure oscillation modes. One
possibility would be di↵erent phases of quark matter, perhaps with di↵erent Cooper pairing patterns, such as the color-flavor locked (CFL) phase, the 2-flavor color superconductor
(2SC) or various forms of inhomogeneous and asymmetric pairing [2], which are all generally
connected by first order phase transitions. Because cross-flavor pairing induces shifts in the
Fermi surfaces of the participating species, di↵erent color superconducting phases will often
have di↵erent flavor fractions, so movement of the interface between them requires weak
interactions, as in the case of the quark-hadron interface. The dissipation mechanism discussed here may therefore be expected to operate, albeit mildly suppressed by the smallness
of the baryon number density di↵erences between these phases.
Our discussion was limited to the case of a sharp interface, which is the expected configuration
if the surface tension is large enough. If the surface tension is small there will instead be a
mixed phase region where domains of charged hadronic and quark matter coexist [45, 46]. We
expect that the phase conversion dissipation mechanism will operate in this case too, as the
domains expand and shrink in response to pressure oscillations. However, to estimate this
contribution is far more complicated since it requires us to consider the dynamic formation,
growth, and merging of these structures, taking into account the costs and gains due to
surface tension and electric field energy, but we expect that the dissipation due to such
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transformations will be roughly comparable to the estimates given here. A similar mechanism
should also be relevant for the “nuclear pasta” mixed phases in the inner crust of an ordinary
neutron star. In this case in addition to the slow beta equilibration processes there may also
be slow strong interaction equilibration processes, whose rate is suppressed by tunneling
factors for the transition between geometric domains of di↵erent size. This could further
enhance the dissipation.
The phase conversion mechanism for damping relies on the transition between two phases
being first order. If there is a crossover then dissipation due to particle conversion is described
by the standard bulk viscosity. Examples are the appearance of hyperons in the dense interior
or the crossover from npe to npeµ hadronic matter, where the conserved particle density is
lepton number instead of baryon number [154]. The conversion is then not restricted to a
thin transition region and partial conversion giving rise to bulk viscosity dissipation takes
place all over the relevant part of the star. The additional e↵ect, that the size of the region
where muons are present changes as well, is negligible, since the muon fraction continuously
goes to zero. This is also reflected by the vanishing of the prefactor in the parenthesis of our
general expressions Eq. (5.12).
We obtained a reasonable first estimate of the size of the damping by treating the movement
of the phase boundary in the steady-state approximation [24], assuming that it can accelerate
arbitrarily fast and that it can move as fast as allowed by general thermodynamic constraints.
In reality the acceleration of the phase boundary near the turning points of its motion might
be further slowed down by the fact that the steady-state conversion region has to form, and
if it therefore cannot accelerate fast enough there will be additional dissipation during this
part of the cycle, even if the phase boundary is eventually fast enough to stay in chemical
equilibrium near the equilibrium position. Our analysis showed that even being out of
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chemical equilibrium for only a small fraction of a cycle causes the system to dissipate a
huge amount of energy, so it is possible that including these additional acceleration e↵ects
may yield an even lower r-mode saturation amplitude and saturate r-modes even in stars
with small quark cores. Including the realistic acceleration of the phase boundary will require
solving the full time dependent evolution of the phase conversion front. Similarly, it is likely
that turbulence plays a major role in the phase conversion, as found in several analyses
[144, 143, 155] of the one-time burning of a (meta-stable) neutron star. The inclusion of
these complications is an interesting future project.
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Figure 5.2: Pressure gradients in the cylinder of Fig. 5.1. Solid line p̄(x) is the pressure
profile in long-term equilibrium. Dashed line is a snapshot of the system at a moment when
the piston has moved inward a distance xp , the pressure everywhere has risen, and the
phase boundary has moved out a distance xb as the low density phase in part of the region
with p > pcrit has converted to the high-density phase.
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Figure 5.3: Schematic plot of the pressure as a function of baryon chemical potential in
beta-equilibrated (µK = 0) nuclear matter and quark matter. At a given pressure, the phase
with lower µB is thermodynamically favored.
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Figure 5.4: Conversion of nuclear matter into quark matter. Right panel: spatial variation
of the K-fraction parameter a (Eq. (5.25)) in the conversion region where the pressure is
above pcrit (see Fig. 5.3). Left panel: corresponding path in the (µB , µK ) plane of chemical
potentials. The quark matter isobar (red curve) is at the same pressure as the equilibrated
nuclear matter (point N), and the arrows follow increasing pressure except from N to Q⇤ to
Q where pressure is constant (traversing increasing x in the right panel).

Figure 5.5: Conversion of quark matter into nuclear matter. Right panel: spatial variation
of the K-fraction parameter b (Eq. (5.45)) in the conversion region where the pressure is
below pcrit (see Fig. 5.3). Left panel: corresponding path in the (µB , µK ) plane of chemical
potentials. The nuclear matter isobar (blue curve) is at the same pressure as the equilibrated
quark matter (point Q), and the arrows and the arrows follow increasing pressure except
from N to N⇤ to Q where pressure is constant (traversing increasing x in the right panel).
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Figure 5.6: Diagram showing how the ideal boundary position (dashed line) and the real
boundary position (solid (blue) line) vary in time. The ideal boundary is where the phase
boundary would be if the phase conversion process equilibrated instantaneously, and it is
determined by the instantaneous external pressure (Eq. (5.9)). The real boundary is always
“chasing” the ideal boundary, with velocity given by Eq. (5.41) and (5.58) where z(t) is
its distance from the ideal boundary. The real boundary coincides with the ideal boundary
twice per cycle, at t = t1 and t = t2 .
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Figure 5.7: The left panel shows dissipated power due to phase conversion Pdis (thick solid
red curve) as a function of r-mode amplitude ↵ for a specific example hybrid star (see
text). The right panel shows the same quantity where the vertical axis now shows the ratio
Pdis /↵2 . At first Pdis is proportional to ↵3 at very low amplitude (dashed line), then at some
intermediate amplitude varies less quickly, with a maximum in Pdis /↵2 , and finally changes
to ↵2 at higher amplitude. Also shown is gravitational radiation power Pgr (thin solid blue
straight line) which is proportional to ↵2 at all amplitudes. The r-mode amplitude will stop
growing when dissipation balances radiation, at the first point of intersection between the
two curves. This defines the saturation amplitude ↵sat .
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Figure 5.8: R-mode saturation amplitude (red solid curve) and its low-amplitude analytical
approximation (black dashed curve) as a function of the radius of the quark matter core
R̄b divided by the star radius R in a family of hybrid stars. For R̄b /R < (R̄b /R)crit ⇡
0.38, damping is too weak to saturate the r-mode. At R̄b /R & 0.75 the hybrid star is
unstable against gravitational collapse. The mass fraction of the core is in the range 0.12 .
Mcore /Mstar . 0.68 for all the configurations shown on the red solid curve.
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Appendix A
Constant-Sound-Speed equation of
state
Here we briefly recapitulate (see, e.g., Ref. [77]) the construction of a thermodynamically
consistent equation of state of the form in Eq. (3.1)

" (p) = "0 +

1
p.
c2

(A.1)

We start by writing the pressure in terms of the chemical potential
p(µB ) = A µ1+
B
µB (p) =

✓

p+B
A

B,
◆1/(1+

(A.2)

)

.

Note that we have introduced an additional parameter A with mass dimension 3

. The

value of A can be varied without a↵ecting the energy-pressure relation (A.1). When constructing a first-order transition from some low-pressure EoS to a high-pressure EoS of the
form (A.1), we must choose A so that the pressure is a monotonically increasing function
of µB (i.e. so that the jump in nB at the transition is not negative). The derivative with
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respect to µB yields
nB (µB ) = (1 + ) A µB
and using p = µB nB

(A.3)

", we obtain the energy density
"(µB ) = B + A µ1+
.
B

(A.4)

Then Eq. (A.2) gives energy density as a function of pressure

"(p) = (1 + )B + p

which is equivalent to Eq. (A.1) with 1/c2 =

and "0 = (1 + )B.
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(A.5)

Appendix B
Angular integral and saturation
amplitude in the subthermal regime
To determine the velocity of the boundary in the NM ! QM half cycle, we define a dimensionless parameter y(') ⌘ xb / xib with ' = !t, then Eq. (5.41) becomes
✓
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d'
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q
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y)2 + (sin '
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(B.1)

where AQ represents an overall amplitude of the speed
3
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aN
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(B.2)

while ⇢Q is the ratio of suprathermal to subthermal contribution

⇢Q =

(

1) pN
.
⌘Q (nQ / Q
K )nQ
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(B.3)

Similarly in the QM ! NM half cycle Eq. (5.58) becomes
✓
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and the two coefficients are
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⌘N (nN / N
K )nQ

(B.6)

Combining Eq. (B.1) and Eq. (B.4), and setting s(') ⌘ sin '

cos '

y(') we have

8
p
>
< AN!Q ⇢Q s(')2 + s('), s(') > 0,

ds
=
d' >
:A

(B.5)

p
⇢N s(')2
Q!N

(B.7)

s('), otherwise.

With the periodic condition (s(') = s(2⇡ + ')), one can solve for the full profile of the
interface position and continue to calculate the dissipated energy.
The total dissipation of the r-mode in one cycle of the oscillation is

W (↵) =

Z⇡ Z2⇡

dS(

1)

0 0

( pN ) 2
V ( pN )
g b "N
crit

(B.8)

where the integral V ( pN ) depends on the velocity of the boundary in both directions

V ( pN ) ⌘

Z

2⇡

sin '
0

d(sin '
d'

s)

d'

(B.9)

and s(') is the solution to Eq. (B.7). In general this integral can be computed numerically
as long as coefficients A’s and ⇢’s in the di↵erential equation Eq. (B.7) are known.
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At small oscillation when

pN is tiny, however, the subthermal regime dominates (⇢Q , ⇢N ⌧

1) and Eq. (B.7) can be simplified as
✓

cos '

ds
d'

◆

=
sub

8
p
>
< AQ s('),

s(') > 0,

>
: A p s('), otherwise.
N

(B.10)

Since both AQ and AN are much greater than 1, to leading order the analytical solution to
Eq. (B.10) is
s(') = ⇥(cos ') ·

cos2 '
A2Q

⇥( cos ') ·

cos2 '
A2N

(B.11)

where ⇥ is the Heaviside step function. The integral Eq. (B.9) becomes
!
1
1
+
A2Q A2N
✓
◆
4
1
1
pN
+
=
3
p̃Q
p̃N

4
Vsub ( pN ) =
3

(B.12)

where

p̃Q

p̃N

9
⌘ 2(
aN
9
⌘ 2(
bQ

2

DQ ⌘Q gb "N
1
⇣ crit ⌘ 2 ,
1)
⌧Q n n / Q ⌦
Q

Q

(B.13)

K

2

DN ⌘N gb "N
1
crit
1)
.
N
⌧N nQ (nN / K ) ⌦2

(B.14)

At sufficiently low oscillation amplitude , the integral Vsub ( pN ) is dominated by the term
with the smaller value of A. For the class of models we have analyzed, in general AQ
1 ( p̃Q

p̃N

AN

pN ), because in nuclear matter di↵usion is less efficient (DN /DQ ⇡

O(10 2 )) and weak interactions take more time to proceed (⌧N /⌧Q ⇡ O(102 )). Therefore the
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QM ! NM transition half cycle dominates the dissipation and Eq. (B.12) becomes
p̃Q

Vsub ( pN )

p̃N

pN

!

4
pN / p̃N .
3

(B.15)

Performing the angular integral in Eq. (B.8) gives the expression for dissipated power Pdis ⌘
W · (⌦/2⇡) at low amplitude
sub
Pdis
(↵)

↵3
⇡
15

✓

◆3/2

105
756⇡

2 7 11
1 ("N
crit ) ⌦ R̄b
.
p̃N
gb R 3

(B.16)

The power emitted by the mode as gravitational radiation is [156]

Pgr ⌘

dẼ
dt

!

=
GR

217 ⇡ 2
↵ GM 2 R6 J˜2 ⌦8
38 52

(B.17)

The radial integral constant is given by
J˜ ⌘

1
M R4

Z

R

"(r)r6 dr

(B.18)

0

and its typical value for hybrid stars is ' 2 ⇥ 10 2 .
The saturation amplitude ↵sat is determined by the equation

Pdis =

dẼ
dt

!

(B.19)
GR

Solving Eq. (B.19) with Eqs. (B.14)-(B.18), we obtain the low-amplitude approximation for
↵sat
approx
↵sat

where DN ⌘ D̃N · T

2

=

✓

◆
N 3
222 ⇡ 9/2
D̃N
gb3 M 2 J˜2 R9
K
G
33 · 55/2
⌧N nQ n3N b2Q
⌦
R̄b11

(see Eq. (5.53)).
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(B.20)

Appendix C
Range of validity of the analytical
approximation for the saturation
amplitude
To give an estimate for the validity of the analytic expression for the saturation amplitude,
we have to compute Eq. (B.11) to NNLO
"

⇥(cos ')
s(') = cos2 '
A2Q
+ (4 cos2 ' sin2 ')

⇥( cos ')
A2N
!
1
1
+
A4Q A4N

+ ( 8 cos4 ' + 20 cos2 ' sin2 ')
"
#
⇥(cos ') ⇥( cos ')
⇥
+ ...
A6Q
A6N
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#

(C.1)

in order to obtain the NLO correction to Eq. (B.12)
4
Vsub ( pN ) =
3

1
1
+ 2
2
AQ AN
16
5

!

1
1
+ 6
6
AQ AN

!

+ ...

(C.2)

This yields the correction term to the dissipated power in the low-amplitude regime
sub
Pdis
(↵) = P0 (↵) + P1 (↵) + ...

(C.3)

where P0 is the previous result Eq. (B.16) and the NLO correction reads
◆5/2
105
P1 (↵) =
756⇡
4 11 17
1 ("N
crit ) ⌦ R̄b
⇥
gb R 5
( p̃N )3
2↵5
105

✓

(C.4)

The requirement that the analytical approximation for the saturation amplitude (Eq. (B.20))
LO
LO
deviates from the exact result by less than a fraction ✏, i.e. P1 (↵sat
) 6 ✏P0 (↵sat
) yields the

bound on the underlying parameters
✓ ◆16
239 ⇡ 5 G2 gb M 4 J˜4 ⌦6 R
6 ✏,
2
312 54 (
1)2 ("N
R̄b
crit )

(C.5)

We can see for the set of parameter values on the left-hand side below ✏ ⌧ 1, Eq. (B.20) is
a good approximation. With the EoS we applied in Fig. 5.8, for R̄b /R = 0.56, the left-hand
max
side is ⇡ 0.04; for R̄b /R = (R̄b /R)crit = 0.38 at ↵ = ↵sat
, it is ⇡ 4.
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